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Abstract 

(N. . , . 

^ . The natural paramterization or length for the Schramni-Loewner evolution [SLEi^) 

^^ I is the candidate for the scaling limit of the length of discrete curves for k < 8. We 

P^ ■ improve the proof of the existence of the parametrization and use this to establish some 

cn ■ new results. In particular, we show that the natural parametrization is independent of 

ff^ I domain and it is Holder continuous with respect to the capacity parametrization. We 

^^ ' also give up-to-constants bounds for the two-point Green's function. Although we do 

not prove the conjecture that the natural length is given by the appropriate Minkowski 
content, we do prove that the corresponding expectations converge. 
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c^ ; 1 Introduction 

A number of measures on paths or clusters on two-dimensional lattices arising from critical 
statistical mechanical models are believed to exhibit some kind of conformal invariance in 
the scaling limit. Schramm introduced a one-parameter family of such processes, now called 
the (chordal) Schramm- Loewner evolution with parameter k, (SLE,^), and showed that these 
give the only possible limits for conformally invariant processes in simply connected domains 
satisfying a certain "domain Markov property". He defined the process as a probability 
measure on curves from to cx3 in H, and then used conformal invariance to define the 
process in other simply connected domains. 
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The definition of tlie process in EI uses parametrization by half-plane capacity (see Section 
12.11 for definitions). Suppose 7 : (0, t] — )■ EI is a (non-crossing) curve parameterized so tliat 
licap(7(0,t]) = at for some constant a > 0. We write ■jt for tlie set of points 7(0, t]. Let 
Ht denote the unbounded component of EI \ 7^ and gt : Ht ^ M he the unique conformal 
transformation with gt{z) — z = o(l) as z ^ 00. Then the following holds. 

• For 2; G EI, the map t H- gt{z) is a smooth flow and satisfies the Loewner differential 
equation 

dtgt{z) = —r-. 77, go{z) = z, 

where Ut is a continuous function on M. 

• If t, s > 0, and //(r) = gt{'~i{t + r)), 

as = heap (7*+^) - heap (7*) = heap {i]s) . 

Schramm defined chordal SLE,^ to be the solution to the Loewner equation with a = 2 and 
Ut a Brownian motion with variance parameter k. An equivalent definition (up to a linear 
time change) which we use in this paper is to choose Ut to be a standard Brownian motion 
and a = 2/k. It has been shown that a number of discrete random models have SLE as the 
scaling limit provided that the discrete models are parameterized using (discrete) half-plane 
capacity. Examples are loop-erased random walk for k = 2 [9] , Ising interfaces for k = 3 [TTj , 
harmonic explorer for k = 4 [15], percolation interfaces on the triangular lattice for k = 6 
[16] . and uniform spanning trees for k = 8 [9]. 

If D is a simply connected domain with distinct boundary points z, w, then chordal SLEf. 
from z to w in D is defined by taking the conformal image of SLE^ in the upper half plane 
under a transformation F : EI — )■ Z) with -F(O) = z, F{oo) = w. The map F is not unique, 
but scale invariance of SLE in EI shows that the distribution on paths is independent of 
the choice. This can be considered as a measure on the curves F o 7 with the induced 
parametrization or as a measure on curves modulo reparameterization. 

While the capacity parametrization is useful for analyzing the curve, it is not the scaling 
limit of the "natural" parametrization of the discrete models. For example, for loop-erased 
walks, it is natural to parameterize by the length of the random walk. One can ask whether 
the curves parameterized by a normalized version of this "natural length" converge to SLE 
with a different parametrization. The Hausdorff dimension of the SLE paths [Ij is d = 
1 + min{|, 1}. It is conjectured, but still unproven, that the "natural length" of an SLE 
path can be given by an appropriate rf-dimensional "measure". If k > 8, then the paths are 
plane- filling, and we can choose the measure of jt to be the area of 7^. For the remainder of 
this paper we consider the case n < 8 for which 1 < rf < 2. 

A candidate for the natural length of 7(0, t] is the d-dimensional Minkowski content 
defined as follows. Let /(e) be a positive function with /(e) — ;■ and e//(e) — )■ as e J, 0. 
Let 

Contrf(7i; e, /) = e^^^Areaj^; : dist(z,7t) < e,dist(z,9D) > /(e)}. 



and 



Contd(7t) = lim Contrf(7i; e, /), 



provided that the hinit exists and is independent of /. It is not known whether or not this 
hmit exists. For the moment let us assume that it does and, moreover, that the function 
1 1— 7- Cont(i(7() is continuous and strictly increasing. In this case we can reparameterize 7 by 

7(t) = 7(at), at = inf{s : Contd(7,) = t}. 

We could now define SLE^ to be the measure on curves 7 with this "natural" parametriza- 
tion. Among the properties that this would have are the following. 

• Suppose 7i is an initial segment of an SLE^ from to 00 in H and 7* C -D C H. If we 
consider 7^ as being an SLE^^ path in D instead, the amount of time to traverse 74 is 
the same in D as in H. 

• Suppose D is a simply connected domain with distinct boundary points z,w, F : H — ;■ 
D is a conformal transformation with -F(O) = z, F{oo) = w; and 7(t) is an SLE,^ curve 
in HI with the natural parametrization. Then 

Cont,(Fo7,)= [ \F'{^{s))\''ds. 
Jo 

In particular, to define SLE^^ in D with the natural parametrization, one lets 

fl{t) = Fo^{at), 
where at is defined by 



Suppose D is a bounded domain with locally analytic boundary points z, w, and 7 is 
an SLE path from z to w (using any parametrization). Let 7^ denote the reversed 
path from w to z. Then 

Contrf(7) = Contd(7-^) < 00. 

Moreover, 

E[Cont,(7)] = c / GD{C\z,w)dA{C), (2) 

Jd 

where c is a constant (depending only on k), dA denotes integration with respect to 
area, and Gd{C'^z,w) denotes the "Green's function" for SLE^ in D. The function 
Gdi whose definition is recalled in Section [2?n satisfies 



lim e''-'P{dist (2,700) < e} = cG{z), (3) 



where c = c^ E (0, 00). 



It is still open to prove ([T]) . It is known that if we choose 

G{z) ■= Gh(^;0,oo) = Imizf-^ [sin arg(^)]^'^-\ 

then an analogue of ([3]) holds where distance is replaced with conformal radius. One of the 
goals of this paper is to establish ([3]) although our proof does not determine the constant. 
(See Section [2TT] for precise statements of what is known and what we prove here.) For other 
simply connected domains, the Green's function can be computed using the scaling rule 

In [8] , a different approach was taken to constructing the natural parametrization, using 
(E]) as the starting point. For ease suppose that Z) is a bounded domain and z, w are distinct 
boundary points with 

m= I Gd{C; z,w) dA{C) <oo. 
Jd 

Let 7 denote an SLE,^ curve from ^ to w in D. Let us give the curve the capacity parametriza- 
tion inherited from capacity in H. Let Gj denote the "natural length" of 7j (we expect that 
this is a multiple of Cont(i[7j] but we do not assume it as such). Then 

E[Goo|7t] = 0t + E[eoo-et|7t]. 
Using 02]), we see that we would expect 

E[Q^-Qt\lt] = %:= [ GDAC,l{t),w)dA{0, 

JDt 

where Dt denotes the component oi D\'~ft that contains w in its boundary. For each ( one 
can see that 

Mt{C):=GDAC;i{t),w) 

is a positive local martingale and hence is a supermartingale. Therefore, \l/t is a supermartin- 
gale. However, Nt := ]E[Boo | 7t] should be a martingale. Therefore, we define <dt to be the 
unique increasing process such that 

^t + Qt 

is a martingale. This is a standard Doob-Meyer decomposition. 

In order to justify this definition, one needs to prove moment bounds. Indeed, if \l/i 
were actually a local martingale (which would not be shocking since it is an integral of local 
martingales), then there would be no nontrivial increasing process that we could add to \l/t 
to make it a martingale. 

• In [8], it was shown that for k < 5.0 ■ ■ ■ , the process Gj exists in EI (the definition has 
to be modified slightly in EI because \l/o as we have defined it above is infinite — this 
is not very difficult). The necessary second moment bounds were obtained using the 
reverse Loewner flow. It was shown that for this range of k, there exists ao = ao('^) > 
such that the function t i-)- 64 is Holder continuous of order a for a < ao • 



• In [TT], the natural parametrization was shown to exist for all k < 8. There the 
necessary two-point estimates were obtained from estimates on the "two-point Green's 
function" [11 [10]. However, the estimates were not strong enough to determine Holder 
continuity of the function B^. 

This paper continues the study of the natural parametrization which in turn leads to 
further study of the multi-point Green's function. We extend the definition of the Green's 
function and prove some important bounds; we describe these results in the next section 
which outlines the paper. The main new results about the natural parametrization are the 
following. 

• We improve the proof in [llj by establishing that for all k < 8, the discrete approxi- 
mations of the natural parametrization converge in L^. Moreover, we show that there 
exists ao > such that the 1 1— )■ 9t is Holder continuous of order a < ao. 

• We prove that the natural parametrization is "independent of domain" . In other words, 
we prove the first property that we listed that the "natural parametrization" should 

satisfy. 

We do not establish the reversibility of the natural parametrization. It is our hope that 
the results in this paper will help us in establishing the limit ([1]). 

1.1 Overview of the paper 

We start with a review of the Schramm-Loewner evolution (SLE) and the notation we will use 
in Section 12.11 This includes the definition of the Green's function G{z) and its relationship 
to the probability of SLE getting close to a point. Roughly speaking, G{z) is the normalized 
probability that SLE hits z. The next subsection introduces the time-dependent Green's 
function G^{z) which corresponds (again, roughly) to the probability that the SLE path 
hits z by time t in the capacity parametrization. This function appears implicitly in [8] as 
G{z) (pit] z), but we find it useful to formalize this and to prove some estimates. Section [273] 
studies the two-point Green's function as introduced in |T0] and defines a time-dependent 



version of it. Two important estimates are stated in this section. Theorem 1 2. 11[ which we 
label as a theorem because we believe the estimate will be useful for others, completes the 
work in [Il[10] by giving a two-sided up-to-constants estimate for the (time independent) two- 
point Green's function. Lemma 12.121 gives a time-dependent version of a two-point estimate 
from [11]. Both of these estimates are important in our study of the natural parametrization. 
We delay the proofs of these estimates to Section [H We do derive some corollaries of these 
estimates in Section 12.31 

We define the natural parametrization in EI in Section 13.11 Although the definition 
is the same as that in [8], [11], we phrase the definition in terms of the time-dependent 
Green's function. In the next subsection we prove the existence and Holder continuity of 
the parametrization. Our proof combines ideas in [H [TT] as well as the Holder continuity of 



the SLE path for k < 8. Section 13.31 proves two lemmas that are used in the subsequent 
subsection to estabhsh the independence of the natural parametrization and the domain. An 
exact statement of the independence is given in Theorem 13. Hi 

Section (jlj) gives proofs of two of the main estimates. These results generalize results 
from previous papers, and the arguments rely on the work in those papers. Lemma 12.121 
extends a result in [Tl]| to time-dependent Green's functions and uses one fact from that 
paper. Proposition 14. 4[ which is an important step in the proof of Theorem 12. IH extends 
a result in [10]. The main extension is to allow the interior target points to close to the 
boundary. 

The final section gives the proof of ([3]). This proof uses properties of two-sided radial 
SLE but is independent of the other results in this paper. 

2 Green's functions for SLE 

2.1 Schramm-Loewner evolution (SLE) and notation 

In this section we review the Schramm-Loewner evolution and the chordal Green's function. 
See [HI E] for more details. 

Suppose that 7 : (0, 00) — )• H = {x + iy : ?/ > 0} is a curve with 7(0+) G R and 7(t) — )■ 00 
as t — !■ 00. Let Ht be the unbounded component of HI \ 7(0, t\. Using the Riemann mapping 
theorem, one can see that there is a unique conformal transformation 

satisfying gt{z) — z ^ Q as z -^ 00. It has an expansion at infinity 

gt{z) = z+'^ + 0{\zn. 

z 

The coefficient a{t) equals hcap(7(0,t]) where hcap(y4) denotes the half-plane capacity from 
infinity of a bounded set A. There are a number of ways of defining heap, e.g., 

hcap(A) = lim yE*2'[Im(5^)], 

where i? is a complex Brownian motion and r = inf{t : 5^ G M U A}. 

We assume that 7 is a non-crossing curve; by this we mean that for each t, 7(t) G dHt 
and the image Vt = gtipfif)) is well defined and a continuous function of t. If 7 is simple, 
then it is non-crossing, but there are non-simple, non-crossing curves. Then gt satisfies the 
(chordal) Loewner equation 

''^'^ = ^M^t' ^o(.) = ., (4) 

where Vt = gti^jit)) is a continuous function. 

6 



Conversely, one can start with a continuous real- valued function Vt and define gthj (^. 
For z G ]H[\{0}, the function t i— t- gt{z) is well defined up to time T^ := sup{t : Im[f7t(z)] > 0}. 
The (chordal) Schramm- Loewner evolution (SLE) (from, to oo in M.) is the solution to (j4]) 
where Vt = —Bt is a standard Brownian motion and a = 2/k. There exists a random non- 
crossing curve 7, which is also called SLE, such that gt comes from the curve 7 as above. 
Moreover, if Ht denotes the unbounded component of HI \ 7(0, t], then 

Ht = {z eM:T,> t}. 

We write 

Mz)=g-\z + Vt). 

Throughout this paper we set k = 2/ a. There are three phases for the curve p^: for 
K < 4, the curve is simple; if k > 8, the curve is plane-filling; and for 4 < k < 8, the curve 
has self-intersections but is not space-filling. We will consider k < 8 in this paper in which 
case [1] the Hausdorff dimension of 74 is 

d=l + - = l + -. (5) 

We will use the scaling property of SLE that we recall in a proposition. 

Proposition 2.1. Suppose Ut is a standard Brownian motion and let gt he the solution to 
the Loewner equation (jl]) with Vt = Ut producing the SLE,^ curve 7(t). Let r > and define 

7(t) = r~^ lir^t), gt{z) = r"^ g-Mrz), Ut = r"^ ?7^2j. 

Then 7(t) has the distribution of SLE^^. Indeed, gt{z) is the solution to (j4]) with Vt = Ut- 

SLEj^ in other simply connected domains is defined by conformal invariance. To be more 
precise, suppose that D is a simply connected domain and wi,W2 are distinct points in dD. 
Let F : EI — )■ D be a conformal transformation of EI onto D with -F(O) = wi,F{oo) = W2- 
Then the distribution of 

7(t) = Fo7(t), 

is that of SLEi^ in D from wi to W2- Although the map F is not unique, scale invariance of 
SLEf^ in EI shows that the distribution is independent of the choice. This measure is often 
considered as a measure on paths modulo reparameterization, but we can also consider it as 
a measure on parameterized curves. 

If 7(t) is an SLE^ curve with transformations gt and driving function Ut-, we write 
It = 7(0, t], 7 = 7oo, and let Ht be the unbounded component of EI \ 74. If 2; G EI and t < T^, 
we let 

Zt{z) = gt{z) ~ Ut, St{z)=sm[e.TgZt{z)], T,(^) = ^^f%M. (5) 

If Zt{z) = Xt{z) + iYt{z), then the Loewner equation can be written as 

dXt = ^^,dt + dBt, dtYtiz) "^*^") 



\Zt(zW ^' ^^ ^^^^ \Zt(zW' 



where Bt = —Ut- More generally, if D is a simply connected domain and z G -D, we let 
T £){z) denote (1/2) times the conformal radius of D with respect to z, that is, if F : D — )■ Z^ 
is a conformal transformation with -F(O) = z, then |-F'(0)| = 2T£){z). Using the Schwarz 
lemma and the Koebe (l/4)-theorem we see that 

^^^ < dist{z,dD) <2To{z). 

It is easy to check that if t < Tj, then Ti(2) as given in ([6]) is the same as TuXA- Also, if 
z ^ 7, then T(2;) := Tt'^_(2;) = T/)(z) where D denotes the connected component of H \ 7 
containing z. 

Similarly, if W\^Wi are distinct boundary points on a simply connected domain D and 
z E D, ve define 

Sd{z]Wi,W2) = sin[arg/(2)], 

where / : D — ?► EI is a conformal transformation with f{wi) = 0, f{w2) = 00. If t < T^, then 
St{z) = Sutiz; 7(t), c>o). If / : D — )■ f{D) is a conformal transformation, 

SDiz;wuW2) = Sf(D)ifiz);f{wi)J{w2)). 

If di, 82 denote the two components of dD \ {wi, W2}, then 

Sd{z] wi, W2) X min {hmoiz, di),hmD{z, 82)} ■ (7) 

Here, and throughout this paper, hm will denote harmonic measure; that is, hm£)(2;, i^) is 
the probability that a Brownian motion starting at z exits D at K. 
Let 

G{z) = |z|'^-2 sint+!-2(arg;2) = Imiz^-^ sin^"-i(argz), (8) 

denote the (chordal) Green's function for SLE^ (in H from to 00/ This function first ap- 
peared in [13] and the combination (rf, G) can be characterized up to multiplicative constant 
by the scaling rule G{rz) = r"^"^ G{z) and the fact that 

M,{z) := \g[{z)r' G{Z,{z)) (9) 

is a local martingale. More generally, if D is a simply connected domain with distinct 
wi,W2 G dD, we define 

Gd{z;wi,W2) = Td{zY-^ Sd{z;wi,W2T''-\ 

The Green's function satisfies the conformal covariance rule 

Gn{z;wuW2) = \f'{z)t' Gf^n){f{zy, f{w^)J{w2)). 

Note that if t < Tj, then 

Mtiz) = GHAz; lit), 00). 



The local martingale Mt{z) is not a martingale because it "blows up" at time t = Tz. If we 
stop it before that time, it is actually a martingale. To be precise, suppose that 

T = r,,, = inf{t : Tt{z) < e}. (10) 

Then for every e > 0, Mt^T-{z) is a martingale. Moreover, on the event r = cxd, we have 
Moo{z) = 0. Therefore, if a < r is a stopping time, 

Giz)=E[M^iz)]=E[\gUz)r'GiZ^iz))] . (11) 

The following is proved in [6J (the proof there is in the upper half plane, but it immediately 
extends by conformal invariance). 

Proposition 2.2. Suppose n < 8, z E D,wi,W2 € dD and j is a chordal SLE^^ path from 
Wi to W2 in D. Let Doo denote the component of D\'~f containing z. Then, as e 10, 

2-d 



P{Td^(^) <e}r^c,e'-''GDiz;wi,W2), c, = 2 



sin^*^ X dx 



In this paper, we give the analagous result replacing conformal radius with distance to 
the curve. We do not have an explicit form for the constant c. 

Theorem 2.3. Suppose k, < 8. There exist < c,c,u < oo (depending on k) such that the 
following holds. Suppose D is a simply connected domain, z E D, wi,W2 G dD and •y is a 
chordal SLE^ path from wi to W2 in D. Then, as e J, 0, 

F{dist{z,y^) < e} r^ cGD{z;wi,W2)e^~'', (12) 

Moreover, if e < dist{z,dD)/10, 

|e^-2 Gd{z; wi, W2)-' P{dist(z, 7^0) < e} - c\ < c K.^^/ j . 

Proof. See Section |5l D 

Corollary 2.4. Suppose k, < 8. Let f{r) be a positive function with f{r) — )■ andr / f{r) — t- 
as r J, 0. Suppose D is a simply connected domain and Wi,W2 G dD. Let 7 be an SLE^ path 
from Wi to W2 in D and let 

Y, = Aieaiz G D : dist{z,dD) > /(e), dist(z,7oo) < e}. 

Then 

lime'^-^E[F,] =c [ G{z;wi,W2) dA{z), 
£4-0 Jjj 

where c is the constant in f lT^ . 



2.2 Time dependent Green's function 

If 2 G H, then two-sided radial SLE,^ (stopped at T^, the time at which it reaches z) is chordal 
SLEk "conditioned to go through z" . This is conditioning on an event of measure zero, but 
there are several equivalent ways to make this precise. The term two-sided radial comes from 
the fact that at the interior point z, there are two paths coming out, 7[0,T2] and '~f[Tz, oo). 
We are only considering the marginal distribution on 7[0,T2]. 

The elegant way to define two-sided radial SLE^ is to say that it is chordal SLE^ weighted 
by the local martingale Mt{z) (see, e.g., [ini Section 2.4]). By the Girsanov theorem, we can 
also describe this process by giving the drift on the driving function. Indeed, if P* denotes 
the probability measure of two-sided radial and Xt = Xt{z) = Re[Zt{z)], then 

dXt = ^^ 7^"] ^* dt + dBt, Xo = Re{z), (13) 

where Bt is a P*-Brownian motion. (The equation for Yf = Yt{z) is deterministic, and hence 
the same for as for usual chordal SLE.) The following technical fact is useful. 

Proposition 2.5. [^ //k < 8 and z eM., then with probability one, two-sided radial SLE^^ 
is continuous at T^. In other words, with probability one, T^ < oo and 

lim7(t) =7(^2) = z. 

Fix 2; G EI and let r^ = r^^^ be as in fITOl) . For any 5 < e, we can define a probability 
measure v{5, e) on curves 7(0, r^] by considering SLE^^, conditioning on the event {r^ < 00}, 
and then viewing this as a measure on the paths 7(0, r^] . The following proposition which was 
proved in pTO] gives justification to calling two-sided radial SLE, "chordal SLE conditioned 
to go through z" . 

Proposition 2.6. As S ^ 0+, the measures ^{6, e) converge to two-sided radial SLE,^ 
stopped at time t^. 

We write P*,]E* for probabilities and expectations with respect to two-sided radial SLE 
going through z. Let (j){z;t) = fl{Tz < t} denote the distribution function of T^ under the 
measure of two-sided radial SLE. The scaling property of SLE implies that (j){rz; r'^t) = 
(t){z]t). The time- dependent Green's function G* is defined by 

G\z) =G{z)(P{z-t). 

An equivalent way of defining G* is by 

^[Mt{z)] = G{z)-G\z). (14) 

We have the scaling rule 

G''\rz) = G{rz) (P{rz- rh) = r^-^ G{z) (P{z, t) = /"^ G\z). 

10 



The analogue of flTT|) is the following: if e > and a < t^^z is a stopping time, then 

G\z) = E [\gUz)r'G'--{Z^{z))] = E [{gMr' G'-'^iZ^iz)); a < t] , (15) 

where we set G^{z) = if s < 0. 

While the Green's function G is independent of the parametrization of the SLE path, 
the time-dependent function G* is defined in terms of the half-plane capacity. We finish this 
section by proving some lemmas about G*. It follows from the Loewner equation (see, e.g., 
[5|, Lemma 4.13]), that in time t, the diameter of the path jt is bounded above by 

2a [t^/^ V max{|[/,| : < s < t}] . 

If Ut is a Brownian motion, it is standard to use the reflection principle to show that 

¥{max{\Us\ : < s < t} > rt^/^} < ce"'"'/^ (16) 

Hence we also get tail estimates for diam[7t]. However, for G*, we need tail estimates 
"conditioned that T^ < oo", which we prove in the next lemma. The exponents in the 
estimates are not optimal but they will suffice for our needs. 

Lemma 2.7. There exists c < oo such that if z = x + iy, then 

G\z) = 0, y^ > 2at, 

G\z)<ce~^G{z). 
Moreover, there exists ci > such that if y"^ < 2at, 

G^\z) >cie-^G{z), 

G^°°*(;2) >Cie^G\z). 

Proof. Without loss of generality we assume that x > 0. The first inequality follows im- 
mediately from the Loewner equation since dt {[Irngtlz)]"^) > —2a. For the remainder of the 
proof we assume y^ < 2at. 

Let P* = P* and let Xt, Zt, Bt be as in ([13]) with Xq = Bq = x. Let T, = inf {t : Zt = 
0} = inf{t : 7(t) = z}. Then the second and third inequalities are equivalent to 

^*{T, <t} < ce-^. (17) 

P*{T^ < 2t} >cie-^. (18) 

By scaling, it suffices to prove (fT7|) with x = 1 and for t sufficiently small. Let R = 
inf {t : Xt = 1/4}, S = inf {t : Bt = 1/2}. Note that ii t < R, then Bt < Xt + Art where 
r = (3a - 1) V 0. Therefore, if t < l/(16r), 

P*{T^ <t}< P*{i? < t} < W{S < t}. 
11 



The reflection principle for Brownian motion implies that 



¥*{S < t} < P* <^ min (5, - Bq) < -1/2 } < 2F{Bt > 1/2} < ce^s^. 

I 0<s<t J 

By scaling it suffices to prove (llSp for t = 1. The estimate is easy to establish if a; = 0; 
indeed, there exists 5 > such that ii z = iy with y < y/2a, 

F*{T, < 3/2} > 6. 

If X > 0, let 

T = inf{t : Xt = 0}. 

The strong Markov property implies that F*{Tz < 2} > 6F*{T < 1/2}. Hence, it suffices to 
prove that P*{T < 1/2 \ Xq = x} > ci e~^^ , or equivalently, by scaling, 

F*{T <t I Xo = 1} < cie-A. 

Using flT3|) and a > 1/4, we can see that it suffices to establish the last inequality where X 
satisfies the Bessel equation 

dXt = -^ + dBt, Xo = 1, 

and T = inf{t : Xt = 0}. For the remainder of this argument we assume this with Bq = 1 
and write just P for the probability measure. Let S = inf{t : Xt = 1/2}. Then the strong 
Markov property and Bessel scaling imply that T has the same distribution as 5* + (T/4) 
where S, T are independent and T has the same distribution as T. Therefore, 

P{T < t} > ¥{S < t/2} P{T < t/2} = F{S < t/2} P{T < 2t}. 

li s< S, then X, < 5, + f . Therefore, if t < 2, 

F{S < t/2} > F{Bt/2 < 0} >cVie-^. 

In particular, there exists to > 0, such that for t < to, 

P{r< t} > e"sp{T< 2t}. (19) 

Since P{T < to/2} > 0, there exists ci such that for to/2 < t <to, 

F{T <t}>cie-^. (20) 

Using (IT9l) and induction, we see that (1201) holds for all t < to- This finishes the proof of the 
third inequality. 

The last inequality in the lemma follows from the second and third inequalities as follows. 

(^ioot(^) r 5x2) r^2>, ( x^] ci ( xn G\z 

> ci exp < —77— (■ = ci exp < — — > exp < — — > > — exp < — — 



G{z) - ' ^ I 50t j ' ^ l40t j ^ I 8tj - c ^ l40tj G{z) ' 

D 
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Lemma 2.8. There exists /3 > 0,c < oo such that if z = 1 + Si with < 5 < 1, a; > 4, 
0<t<l, and 

a' = a'^ = inf{s : |Re[7(s)]| = x}, 

then 

P:{a'<tATj<ce-^"'/*. 

Proof. All constants in this proof are independent of x and 6 (but may depend on a = 2/k.). 
Let a = inf{s : Re[7(s)] = x}. We will prove that 



P*{a< t ATJ < ce 



-fSx^/t 



A similar argument, which we omit, establishes the estimate for o"_ = inf {s : Re[7(s)] = —x}. 
Let 

Zs = Xs + iYs = gs{z) -Us = gs{z) - g{j{s)), 

and Z = X + iY = Z^. As before, let Hg be the unbounded component of H \ 7^ and let 
H = H„. The Loewner equation (jl]) implies that Y < 6. Suppose that a < T^. Let i denote 
the vertical line segment from 7(0") to M, U = H\i, and let W be the unbounded component 
of U. We write {a < t A T^} = EiU E2 where Ei {E2) is the intersection of {cr < t A T^} 
with the event that z eW (resp., z ^W) . 

On the event Ei, deterministic conformal mapping estimates imply that there exist Ci 
such that 

X < —Cix. 

(We leave out the details of this estimate which can be obtained by considering the event 
that the path of a Brownian motion starting at (x/2) + lOi and stopped when it leaves 
H, concatenated with the half-infinite line {x/2) + 2[10, 00), separates the disk of radius 
dist(2;, dH)/2 about z from U^. By considering the image of this event under g„ we can get 
the estimate.) Therefore, 

K{Ei) < Ki^s < -cix for some s <tA T,}. 

We know from (TT3l) that Xt satisfies 

cix, = ^m^ rft + rfs„ xo=i, 

where Bt is a P*-Brownian motion. By comparison with a Bessel process (we omit the 
details), we can see that for y > 2, 

K{Xs < -y for some s < t A T, | Xq > 1} < ce"^'^'/*, 
for appropriate c, f3'. 
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We now assume E2 holds. Let U" denote the component of U containing z. Except on 
an event of P* measure zero, we know that i C dU". We claim there exists €3,^3 such that 
for z' G U" with Re(z') < 3/2, we have 

hmw»(/,£) <C3e-^^^'/*. (21) 

To see this, note that we can find a crosscut i" of the form {2 + yii, 2 + y2i) with the property 
that £" disconnects z' from l in U" . Since heap [70-] < t, we know (see [4, Theorem 1]) that 
the area oiU" is bounded by c^t. Also, dist(£, £") = x — 2> x/2. Using extremal distance 
estimates (see, e.g., [S] Lemma 3.74]), we know that the extremal distance between £ and 
a," in U" \ a," is bounded below by c^x^ /t. The estimate fl2T|) follows from the relationship 
between harmonic measure and extremal distance. 

Let Tf = Yt/\g[{z)\ denote (one half) times the conformal radius of z in Ht. We know 
that To = 5 and Tt X2 dist(2;, dHt). Let rjk = inf {t : T^ < 2~^ S}, and write 



FliE^) = J2^:{E2 n {%_! <a< %}). 



k=i 
Using the Beurling estimate, ([7]), and ([21]), we can see that on the event i?2n{%-i < o" < Vk}, 

S,<c2-^l''be-^'''^l\ (22) 

By the study of two-sided radial SLE^ in the radial parametrization (see [TT[ Section 2.1.1]) 
we know that there exist Cg, a such that 

Fl{3t<r]i ■.St<6r} <cr'', 

and for k > 1, 

K{^Vk<t<Vk+i-St<r}<cr''. 

Combining this with (1221) . we get 

P: [E2 n{rik<cr< r]k-i}] < c2-"'=/2 ^-a/^s^V*. 

By summing over k, we see that P*(i?2) < ce"""^^^ /*. D 

Corollary 2.9. For every e > i/iere exists K < 00 such that the following holds. Suppose 
z = X + iy\x\ with x y^ 0,y < 1 and x'^y'^/a < t < x'^ . Then 

P*{diam[7] >Kx\T,<t}<e. 

Proof. By scaling and symmetry we may assume x = 1. By Lemma 12.71 there exist ci , f3i 
such that 

K{Tz <t} >cie~^'/'. 
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By Lemma [2. 8[ there exist C2,/32 such that 

Fl{T, < t , diam[7] > K} < C2 e-^^^^'K 
Therefore, \i K > 2/3i//32, 



P:{diam[7] >K\T^<t}< {c,/c{) exp | ^^ ^^^^' | < (c^/d) exp |-^} 

D 

Let 

Ml{z) = \g'Xz)r'^G'-^{Z,{z)). 

For fixed t, M*(2;) is a continuous, nonnegative local martingale with M*(z) = for s > t. 
Moreover, if r < t, then 

N, = Ml{z) - M:{z) = \g',iz)r' [G'-%Zsiz)) - G^-%Z,iz))] , (23) 

is a martingale for < s < r. In analogy to (TT4l) we can see that if s < t, 

E[Mliz)]=G\z)-G^{z). 

Let 

L(0,t) = f G\z)dA{z), 

and more generally, if s < t, 

L(s,t) = lMl{z)dA{z) = j\g',{z)r^G'-^{Zs{z))dA{z). (24) 

Here, and throughout this paper, dA refers to integration with respect to 2-dimensional 
Lebesgue measure (area) and, unless specified otherwise, integrals are over H. Note that 

E[L(s, t)] = f[G\z) - G'iz)] dA{z), (25) 

and if s < t < ti, 

L{s, t) = E [L{s, ti) - L(t, ti) I J^s] ■ (26) 

For fixed t, M*(z) is a positive supermartingale in s. Therefore, we have the following 
important property. 

• For fixed t, L[s,t) is a nonnegative supermartingale in s with L{s,t) = for s > t. 
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If fs{w) = gg^{w + Us), then the substitution z = fs{w) in fj24|) yields 

Lis,s + t) = J\f:{w)fG\w)dAiw). 
If r > 0, then the scaling rules for SLE imply 

L{s,s + rH) = j\aw)\'G^'\w)dA{w) 

= r''-^ f\fs{w)\''G\w/r)dA{w) 

= r' [\nirz)\'G\z)dAiz). (27) 



2.3 Two-point Green's function 

The proof of existence of Qt in [H] uses the two-point Green's function G{z,w) introduced 
in [To] . Our proof of Theorem 13.41 will use a time-dependent version. 

The two-point Green's function G{z, w) is the normalized probability that z and w are 
both in 7(0, 00). More precisely, it satisfies 

P {T^{z) < e, T^{w) <6}r^cl G{z, w) e^-" 5^-", e, U C (28) 

It can be written as 

G{z,w) = G{z,w) + G{w,z), (29) 

where G{z,w), roughly speaking, is the probability to visit z first and then w later. To be 
precise, we can write 

G{z, w) = G{z) El [Mt, (w)] . (30) 

In dU] it is shown that if one defines G{z,w) by d^l]) and ([30]), then (jSg) holds. Given (|2g]), 
we see that there is a corresponding two-point local martingale 

M,{z,w) = \g',iz)\'-''\g',iw)r'GiZ,{z),Z,iw)). 

Note that G is symmetric in z, w but the ordered Green's function G is not. We will need a 
bounded time version of the Green's function, and it is easier to define first the nonsymmetric 
version. 

Definition The Green's function G^'^{z, w) is defined by 

&'\z,w) = G(z)E: [M'fJ^iw) ■,n<s]. 
The function G^'^{z,w) is defined by 

G''\z, w) = G''\z, w) + &''{w, z). 
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We will be using the symmetric function G^'^{z, w). The rough interpretation of G^''^{z, w) 
is the normalized probability that the path goes through both z and w and both of the visits 
occur before time t. As for the single point Green's function, we can give some equivalent 
formulations that follow immediately from the definition and the scaling rules. 

Proposition 2.10. 

• Ifs<t, 

&''\z,w)-G^''\z,w)=E[\g:{z)g',{w)\'-''&'''''^^{Z,{z),Z,{w)) 

• Ifr >0, 



G''Hz, w) = r2(2-«f) G' "''■ irz, rw 



'■'■,' "^j, 



G''\z, w) = r2(2-^) G''''''\rz, rw). 

The next two results are estimates on the two-point Green's function that we will use. 
We delay the proofs until later. 

Theorem 2.11. There exist < Ci < C2 < oo such that If z,w G HI with \z\ < \w\, then 

c, q'^-' [S{w) yq]-^< ^^ < c, /- [S{w) V q]-^ 
where 

qn 'y\ K ^ 

q = ^-^-^ < 2, /3 = (4a - 1) - (2 - rf) = - + - - 2 > 0. 

\w\ 8 K 

Proof. See Section WJ2\ D 

Lemma 2.12. There exists c < 00 such that z/z, w G EI and s,t > 0, 

G\z)G\w)<cG''^'\z,w). (31) 

Proof. See Section l4m D 

We will now prove some consequences of these estimates. 
Lemma 2.13. There exists c < 00 such that z/z, w G EI with \z\ < \w\, 

G{z,w)<c\z\'^-^\z-w\'^-\ (32) 



Proof. 



G{z,w) < C2q'^~^[S{w)y q]-^ G{z)G{w) 

< cq^-^ [S{w) V q]-^ \z\'-^ \w\''-^ S{wY 



< c\w - z\'^''^ \z\'^-'^ . 
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Lemma 2.14. There exist c < oo, /3 > such that if z = Xz + iyz, w = x^ + iyw ^ H, then 

G''\z,w)<ce-^\'"\'/'G{z,w). (33) 

Proof. Without loss of generality we assume that |wp > |2;p. By scaling and symmetry, we 
may assume \w\ =2, and it suffices to prove the estimate for t sufficiently small. 
We ffist suppose that \z\ > 1/2, and let a = inf{t : |7(t)| = 1/4}. Then 

G''\z,w) < ¥{a < t}E[M„{z,w) \a<t]. 

Using distortion estimates and Theorem 12. 11[ we see that Ma{z,w) x G{z,w), and hence 

G'-\z,w) <cF{a<t}G{z,w). 

Using the Loewner equation, there exists 5 > 0,to > such that if t < to and \Us\ < S,0 < 
s <t, then a > t. Therefore, 

P{a< t} <p| max|f/,| >5l <ce-''/*, (34) 

for some c, /3. Similarly, for every e > 0, we can find q, P^ such that 

G''\z,w)<c,e'^'^'G{z,w), e<\z\,\w\=2. (35) 

We now suppose \z\ < 1/2 for which Theorem 12.111 implies that G{z,w) x G{z) G{w). 
Let 

e = inf{t:|7(t)| = l}, 

and note that 

G''\z,w) < E[M'/{z,wy,^< t] + G{z)E:[M^^{wy,Tz < ^]. 

If Tj < ^, then straightforward estimates show that \g'j,^{w)\ x 1, Gt^{w) x G{w), and hence 
we can use Lemma 12.71 to conclude 

EllM^r^w) I T, < e] < ce-^/*G{w). 

We will now show that 



E[Ml'\z,w)]^<t] <ce-^/'G{z)G{ 



w] 



By ( l35l) . it suffices to show this for t,\z\ sufficiently small. Let H = H^, g = g^, z = 

g{z) — U^, w = g{w) — U^. r = dist(2;, dH)/y. We need to show 

E[\g\z)r'\g'{w)r'G'^\z,w)-i<t]<ce-^/'G{z)G{w). 

On the event {^ < t}, we know that heap [7^] < t. In particular, for t sufficiently small, 
Im[7(,^)] < 1/10. Let ?7i,?72 denote the two open subarcs of the unit half circle with 7(^) 



removed. Let 772 be the smaller arc. Let 1] be the subarc that disconnects z from 00 in H. 
We consider the two cases rj = rji and rj = ri2. 

Suppose Tj = Tji so that its length is at least 7r/2. Since \z\ < 1/2, we can use conformal 
invariance, to see that ci < \z\, \w\ < C2- Therefore, ( l35l) implies that 

G''\z,w) <ce-^/'G{z,w). 

Hence, 

E[\g\z)\'-'\g\w)\'-'G''\z,wy,^ <t,r^ = r^,] < ce-^/'E[\g\z)\'~'' WM^' G{z,w)] 

< ce-^/'G{z,w). 

The second inequality follows from the fact that Mt{z,w) is a martingale. 

Now suppose t] = rj2 and let V be the component of H\'q containing z. Since hcap[7^] < t, 
we can deduce [1] that Area(l^) < ct. We claim that there exist c, a such that 

To see this we use estimates on extremal distance as in the proof of Lemma [2l8] to see that if 
C &V with \C,\ < 1/2, then the probability that a Brownian motion starting at C, exits V at 
7] is 0(e~"/*) for some a. However, combining the Beurling estimate and the gambler's ruin 
estimate, the probability that a Brownian motion starting at z reaches the circle of radius 
1/2 without leaving H is 0{r^^'^y). This gives (!36l) and since Th(z) x ry, we get 

\g'{z)\^-''G{z) = Gh{z;i{0.oo) < c {ryY'^yr'/^ e'^'/y^-^ < cG{y) e-^/' r""-^ r^^-^ 

Hence, 

E [\g'{z)g'{w)\'-'Giz,w) \ 2'" < r < 2-"+\r^ = r^^] 

< c e^^/* 2-"('*-2) 2-™ G(2) G(«;) , 
where u = 2a — ^ > 0. Proposition 12.21 implies that 

P{2-" < r < 2""+\r7 = r/2} < P {2"" <r < 2""+^} < c2""(2~'^), 
and hence 

E [\g'{z)g\w)\^-'^Giz,w);2''' <r< 2-''+\r] = r/2] < ce-^'' 2~''''G{z)G{w). 
The estimate is obtained by summing over n. 



U 



We will write dA{z, w) = dA{z) dA{w) and 



f{z, w) dA{z,w) 



f{z,w)dA{w) 



dA{z) 



V1XV2 JVi IJV2 

f{z,w)dA{z,w)= / f{z,w)dA{z,w). 

JuxM 
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Lemma 2.15. 

G^'\z,w) dA{z,w) <oo. (37) 



Moreover, there exists c < oo such that for every e > 0, 

f G^^\z,w)l{\z~w\ <e}dA{z,w) < ce^. (38) 

Proof. By symmetry it suffices to bound the integrals on the set {\z\ < {wl}. 

If 2; G H, and \w\ > 2\z\, then ( l32l) and ( l33l) imply that there exist /3 > such that 

[ G^'\z,w)dA{w) < c\z\'^-'' [ 6-^^""^' \w\'^-'' dA{w) 

J\w\>2\z\ J\w\>2\z\ 

< c\z\''-^ / /-^e-^'-'dr 

J2\z\ 

Therefore, 

I G^'\z, w) l{\w\ > 2\z\}dA{z, w)<c I \z\'^-^ e-^^l^l' dA{z) < 00. (39) 

Let 

Vk = {zeM: 2-^-^ < \z\ < 2-'=}, 

and let ipm{z,w) be the indicator that \z\ < \w\ and |z — w| < 2""*. If 2; G Vq and \z\ < \w\, 
Theorem 12.111 implies that 

G{z,w) <c\z-w\'^-^, 

and hence 

f G{z, w) i)m{z, w) dA{z, w)<c f Iw]"^-^ dA{w) < c2-""^. 

JvoxM J\w\<2-'" 

More generally, if k is an integer, we can use the scaling rule for the Green's function to see 

that 

G{z,w)ijUz,w)dA{z,w) = 22'=(2-d) f G{2''z,2''w)ij^_k{2''z,2''w)dA{z,w) 

= 2-^^"^ f G{2^z,2^w)i)m-k{2^z,2^w)dA{2^z,2^w) 

Jvkxm 

= 2-2'^M G{z,w)^m-kiz,w)dA{z,w) 

JVoxM 

< c2-'"^2-""^. 
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li z e Vk and w eVkU Vk-i, then 1^ - u;] < 2"'= + 2^"*= < 2^-^ Setting m = A; - 2 in the 
last inequahty, we see that 



G{z,w)dA{z,w) < c2 

yfcxCVfcUVfc-i) 



-2kd 



Combining this with ( 139|) . we see that 

/ G{z, w) dA{z, w) := Co < oo. 

i|2|,|li)|<l 

The scahng rule gives 

I G{z,w)dA{z,w)=Co2^^\ 

J\z\,\w\<2^ 

Using ( l33l) . we get 



|z|,|w|<2'= 

< / G^'\z,w)dA{z,w) + ce-^^'' f G{z,w) dA{z,w) 

-'|2|,|«>|<2'=-i -'|2|,|w|<2'= 

< / G^'' {z, w) dA{z, w) + c e-^^' Gq 2'^''. 
By summing over /c G Z, we see that 

G^'^{z,w)dA{z,w) < oo. 
Using ( l33l) again, we get 



G^'^{z,w)il)m{z.iW)dA{z,w) < ce ^"^ / G{z,w)il)m{z,w) dA{z,w) 

< c2-"^'^e-^2-2'=2-fed. 

By summing over A; G Z, we get 

G^'i(z, w) V^„(z, w) dA{z, w) < cT"^'^ 
which gives the second estimate. D 



21 



3 Natural parametrization 

3.1 Natural parametrization in EI 

Recall that 

L{s,t) = f Ml{z)dA{z) 

and ii r < s < t, 

E [L{r, t) - L{s, t) I J-,] = f M^{z) dA{z) 

= L{r,s) = I \n{z)\'G^-^{Zr{z))dA{z). 

If we fix to, then 

Lit,to), 0<t<to 

is a positive supermartingale. The natural parametrization or natural length Qt is the unique 
adapted increasing process 9^ such that for each to, 

L{t,to) + et, 0<t<to 

is a martingale. Although it may appear at first glance that the definition of Gj depends on 
to, the fact that Nt in ( l23l) is martingale implies that Gj is independent of to- In our proof 
of the existence, it is shown that with probability one for all < s < t < cxd, 

Gt-G,= lim[GS")-G(")], (40) 

n— >oo 

where 



Our definition here is slightly different but equivalent to the one used in [HITT]. The equiva- 
lence can be seen in that in both cases we derive the formula (HOj) . We note that if t = A;2~" 
for positive integer fc, then 



E 



0(n) 



E[L(0, t)] = I G\z) dA{z) =t'^ f G\z) dA{z) < oo. (41) 

The existence of such a process was established in [S] for k, < 5.0 ■ ■ ■ and for all k < 8 in 
[11] . In this section, we reprove the results with some improvements. We will consider only 
the case to = 1; other values of to can be handled using scaling. For the remainder of this 
section, we let 

Lt = L{t,l), 

and recall that L^ = if t > 1. Proof of existence follows from the Doob- Meyer decomposition 
once we have obtained sufficient bounds on the second moment. The key is the following 
proposition which is very similar to pTl (16)]. The proof is quick because the hard work is 
in the estimate fl3Tl) on the time- dependent Green's function. 
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Proposition 3.1. There exists C < oo such that for every stopping time T < 1, 

E [Lj.] < C. (42) 

Proof. Let u denote the constant c appearing in (131]) . Let G^{z, w) = G^'^{z, w). We establish 
the estimate with 

C = u [ G''iz,w)dA{z,w) 



which is finite by (l37j) . Let T be a stopping time and let g = gr.Z = Zt- Using the 
two-point martingale and (1311) . we see that for all z, w G H, 

E[M^{z)M^{w)] = E[\g\z)g'iw)r'G'-^{Z{z))G'-^iZ{w))] 

< uE[\g'iz)g'iw)\'-''G'^^'-^\Z{z),Z{w))] 

< uG''^^-^\z,w) 

< uG'^iz.w). 



Therefore, 



E[Ll] = fE[M^{z)M^{w)] dA{z,w) <u f G''{z,w) dA{z,w). 



D 



With this estimate, we can see that the supermartingale Lt is in the "class DL" and a 
process Gj exists which makes Lj + ©t a martingale. (See [Sj Section 1.4] for relevant facts 
about the Doob-Meyer decomposition.) Moreover, we can deduce ( HOj) if we weaken our 
notion of limit to weak-L^ convergence, that is, for every integrable Y 



lim E 

n— >oo 



^(") 



(6^ - ©i)^' 



0. 



For the restricted range of k, an almost sure limit was established as well as an estimate of 
the Holder continuity of the paths in [8j. One cannot conclude these stronger results using 
only the estimate (H2|) . In this section, we will establish the almost sure limit and Holder 
continuity for all k < 8 by giving a stronger moment bound. Given the existence of G^, we 
can also write 

L{s,t) =E[Qt-e,\ J-,] = / \f'M\''G'~'{z)dA{z). 

Jm 

Before proving this theorem, we make a comment that will be important when we study 
the natural parametrization in a smaller domain. Suppose {cs} is a collection of bounded 
stopping times for the supermartingale Lt such that with probability one s i— ;■ a^ is continuous 
and strictly increasing. Then, 

is a time change of a positive supermartingale and hence is a positive supermartingale. A 
stopping time T for Lg can be considered as a stopping time for Lt and hence we can see 
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that ]E[Lg] is uniformly bounded. We can apply the Doob-Meyer theory to Lg and conclude 
that there is an increasing process 0^ such that Lg + 9^ is a martingale. Indeed, it is easy 
to see that 6s = Qas- If ^s = J^a. and 



Qin) 



0<j<s2" 



^J2- 



^(i+i)2- 



J". 



i2- 



then we know that Oi" — )■ 9^ = 9cr^, at least weakly in L^. It is difficult, in general, to give 
useful expressions for 



E 



Lj2-n - I/(j + l)2- 



^. 



J2- 



However, we will use this with a smooth reparameterization for which we can estimate the 
conditional expectation. 

Our proof of almost sure convergence of BJ" — Bs will make use of the Holder continuity 
of SLEi^ curves with k, ^ 8 which we now review. We say that a function / : [0, oo) — )■ M 
is weakly a-Holder if it is continuous at and for every < Si < S2 < C)0 and /3 < a, 
fit), Si < t < S2 is Holder continuous of order (3. The following was proved in [12]; see also 
[2] where a* is shown to be optimal. 



Lemma 3.2. Suppose that k, > 0, k j^ 8, and let 

a* = a*(K) = 1 — 



K 



24 + 2k - 8V8 + fi: 



>0. 



Then with probability one, the SLE,^ curve parameterized by half-plane capacity is weakly 
a^-Holder. 

We now state the main theorem in this section. 

Theorem 3.3. If k, < 8, then with probability one for all < s < t < oo the limit 



B, - B. 



lim 

n— >oo 



e(«) _ el") 



(43) 



exists and 1 1— )■ B^ zs weakly [a^d/ 2) -Holder. Moreover, for each t, BJ" — > Bj in L^ 



The bulk of the work in proving this theorem will come in establishing the next result. 
We will conclude this section by showing how to derive Theorem 13.31 from Theorem 13. 4[ 

Theorem 3.4. Suppose < a < a* and K < oo. Let t^ = r^^a denote the stopping time 

tk = inf {t:3sE [0, t) with \-f{t) - 7(5) \>K{t~ s)"} . 

Then if 1 < t < 2, the limit 



lim 






Qxit), 



exists in L^ and with probability one. Moreover, with probability one, if P < ad/2, the 
function 1 1— )■ Qxit) is Holder continuous of order /3. 
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Proof. See Section [3^ 



D 



Proof of Theorem \3.3\ given Theorem \3.4[ Suppose a < a*, /3 < ad/2, and let tk = r^^a be 
as in Theorem 13.41 Lemma 13.21 implies that with probability one tk > for all K > and 

lim Tk = oo. 
Therefore, if Q(t) = liraK-^oo Q Kit), with probability one, for 1 < t < 2, 



lim 



e 



W oW 



er =Q{t). 



Moreover, t ^-^ Q{t) is Holder continuous of order (3 on [1,2]. 

Using SLE scaling, we can see that Theorem 13.41 implies that with probability one for 
every positive integer m and 2~™ < t, the limit 

Q(t; m) = lim [oS"^ - G^"! 

n—^oo L 

exists. Moreover, with probability one, for to < oo, t ^-)■ Q{t;m) is Holder continuous of 
order (3 on [2"™, to]- Using (HTl) and Fatou's lemma, we get K[Q(t;m)] < cf^. From this we 
can define by monotonicity 

©t = lim Q{t; m) 

and we can see that ¥.[Qt] < cf^. Note that if 2"" <s<t, then 

©i - 6s = Q{t; m) - Q{s; m). 

We claim that with probabihty one, 9o+ = 0. Indeed, 

P{0t >e} <e-^E[et] <ce-H'^, 

and hence 

oo 

^p{e2-. > 2-'^^/'} < oo. 

i=i 
Therefore, by Borel-Cantelli, we get with probability one Go+ = 0. 

We have shown that G^ is weakly /3-Holder for every /3 < a^d/2; hence it is weakly 
(a,t//2)-H51der. D 



3.2 Proof of Theorem [33] 

We fix a < a* and allow all constants to depend on a. As before, let 

M,iz) = \g',iz)t'GiZ,iz)), 



25 



and if < s < t < ^, 

^i= / Mt{z)dA{z), 



L{s, t;K) = E [^sAtk - ^tATK I J^s] ■ 

The theorem is an example of the Doob-Meyer decomposition. To prove the existence of 
the decomposition there is an easy step and a hard step: the easy step is to discretize time 
and give an approximation and the hard step is to take the hmit of the approximations. 
This latter step is not so difficult if one establishes extra moment bounds. In particular, our 
theorem follows from [H Proposition 4.1] once we obtain the following estimate which we 
derive in this section. 

Proposition 3.5. For every e > and K < oo, there exists c < oo such that if e < s < t < 

E[L{s,t;Kf] <c(t-s)^+"'^. 

In [8], a similar estimate was obtained for k, < 5.0 ■ ■ ■ using the reverse Loewner flow. No 
such estimate was established in [11] for k < 8, and this is why the result there was not as 
strong. The proof we give here uses the usual (forward) Loewner flow, as well as the Holder 
continuity of the SLE curve (in the capacity parametrization). 

Let 



For every < s < t < 6', 

L{s,t-K)=E[ml^,^-^>l,jFs]. 

and, in particular, 

L(.,t;ir)=E[vl/*,,^-M/*,,JJ-,]. 

Note that for fixed s, L(s, t; K) is increasing in t, K. 

Lemma 3.6. If r > and < s < t, then the distribution of L{s,t; K) is the same as that 
of r^'^ L{r'^s,rH;r'^°'^^K). In particular, it has the same distribution as 

s^/'L(l,t/s;s^-°ir). 

Proof. We use the scaling rule for SLE,^. Fix r and let 

gt{z) = r'^ gMrz), ^{t) = r~^ 'yirH). 

Then gt,j have the same distribution as gt,'y- Indeed, ^t is the solution to the Loewner 
equation with driving function Ut = r~^ U^-^f Let 

Zt{z) = gt{z) -Ut = r~^ Zr2t{rz). 
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We define 
Since 



Tk = inf {t : 3s < t : |7(t) - 7(s) \ = K {t - s)"}. 

|7 (t) - 7(s) I l7(r't) - j{rh) I |7(r2t) - j{rh) \ 



it - sr 



r {t — s) 



A—2a(r2+ rr,2 a\ci 



{r'^t — r'^s)^'' 



we get 

-2 

Let Mf{z), \E'f be defined as above using ^,7. Note that 

|2-d^2-d nr'^O-r'^t 






Zr'H{rz)) 



m 



Ml{z)dA{z) 
r''-'' I Mf4{rz)dA{z) 
r-^ I M;lf{rz) dA{rz) = r"^ ^ 



r'H- 



Moreover, for each K, 



^ t/\TK ^ ~2t 



r'^tAT^2a-lif' 



Since J-'i = J>24 we can take conditional expectations and get the result. 
Corollary 3.7. If n is a positive integer, 

2" 

E [L(l, 1 + 2-"-^ Kf] < 2-" ^ E [L(l + (j - 1)2"", 1 + j2-"; Kf] . 

i=i 

Proof. Letting s = 1 + (j — 1)2"" G [1, 2], we have 



D 



E[L(l + (j-l)2"", l+j2-";ir)2] = s'^E 



L{ 1,1 + :^ ^^ r;s5-"/s: 



2" + j - 1 

> E[L(l,l + 2-("+^);ir)2]. 



n 2 



D 
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Proof of Proposition \3.5l Using Lemma 13.61 we see that it suffices to prove the resuh when 
s = 1 and t — s = 2~" for some positive integer n. By Corollary 13.71 it suffices to prove that 
for all K < oo, 



^E[L(j,n)2] <ckT 



nad 



i=i 



where 

L{j, n)=L{l + (j - 1)2-", 1 + j2-"; K) . 

For the remainder, we fix K and allow constants to depend on K. We write G^{z,w) for 
G'''{z,w). 

Let T = tk and 

Yt = *(l+t)Ar. 

The definition of r implies that |7((t + s) A r) — 7(t A r)| < Ks"'. Therefore, 

E [Mf^t+sMz) l{\z - 7(t)| > Ks'^}] = Mt^,{z) l{\z - ^{t)\ > Ks^}. 
In particular, if t = 1 + (j — 1)2-", 

E [Yu-i)2-n - r,2-. \J't]< J \9[iz)\'-''G'-"iZ,iz)) l{\z- 7(t)| < ir2-"} dAiz). 
Hence, if 



then 



Jn = {{z, w)eM' ■.\z-w\< 2ir2-""}, 



L{j,ny< / \g',{z)\'-'' \g[{w)r'' G'- {Z,{z)) G'' {Z,{w)) dA{z,w). 

'Jn 



Lemma 12.121 implies that there exists m < oo such that 



Lij,ny<u \g[iz)r''\g[iw)r'G^'-'\Z,iz),ZM)dA{z,w). 

•/ Jn 

Without loss of generality we assume u = 2™"° for some integer rriQ > 3. 
Let 

M,iz,w) = \g',iz)\'-' \g[{w)r' G-^'-\Z,iz), Z,{w)), 

and note that if t = j2~"', 



E 



M,iz,w)-M,^^,-n{z,w) >E \g[iz)\'-''\g[iw)\'-'' G-'- iZtiz),Z,iw)) 



(Roughly speaking, the right-hand side corresponds to the normalized probability that the 
path goes through both z and w between times t and t + u2~"'.) By summing over j, we see 
that 

J2 E[L(jmo,n)2] < c / G''+\z,w) dA{z,w). 
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Similarly, for /c = 0, 1, 2, . . . , mo — 1, we see that 



J2 ^Hjmo + k,nf] <c f G"^ 

7^1 ^ 'Jn 



'+''^'"+\z,w)dA{z,w). 
By summing over /c, we see that 

J2nL{j.nf]<c f G'-iz,w)dA{z,w). 
and by using (138|) and scaling we see that 

2"-l 



i=o 



The next lemma will be used later. 
Lemma 3.8. There exists c < oo such that if s,t > and r < 1/2, then 

L{s,s + (l + r)t) - L{s,s + t) < crL{s,s + t). 



Proof. Let f{z) = g^ ^{Ug + z) and u = \/l + r. Then, 

L(s,. + t)= I \f\z)\'G\z)dA{z). 



L(s,s+(l + r)t) = / !/'(«;) I ''G'*(^+'')(w;)dA(ti;) 



D 



The distortion theorem implies that 

l/'MI = \f\z)\ [1 + 0(.. - 1)] = \f\z)\ [1 + 0{r)]. 
Since m'^ = 1 + 0(r), 

L(s, s + (1 + r)t) = [1 + 0(r)] / \f'{uz)\'' G\z) dA{z) = L{s, s + t)[l + Oir)]. 

Jm 

n 
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3.3 Two useful lemmas 

We have shown that 

e, = \nnJ2[ \fu-r)2-4^)\'G'-{z)dA{z), (44) 

j<t2" ■^'^ 

where the hinit is in L^. The integral is concentrated on z near the origin. Proposition 13.91 
makes a precise statement of this. Recall Levy's theorem on the modulus of continuity of 
Brownian motion (see, e.g., [31 Theorem 9.5]) which states that if Ut is a standard Brownian 
motion and to < oo, then with probability one 

f \Ut-Us\ 1 , , 

sup <^ , ' ' : < s < t < to > < oo. (45) 

^\v/|t-s||log(t-.)| " " J 

Proposition 3.9. Suppose 6n is a sequence of positive numbers such that 

lim 2-"/2y^ 5-^ = 0. 

Let mn = {zeM:\z\< 6^}- Then, 

e,= lim J2 [ \fu-i)2-^^{^)\'G'-"{z)dA{z), 

n — ^OO ' /]nr 

j<t2" '^"" 

where the limit is in L^ . 

Proof. Let e„ be a sequence with 

lim 2-"/2y^e-^ = 0, 

n—>-oc 

lim e„ 5"^ = 0. 



ra— ^oo 



Let 
and let 



7^'Kt) = 9s{l{t + s)) - gMs)) = 9s{l{t + s)) - t/„ 

An = inf{t ■.3m>n,s<t with |t - s| < 2""" and Ij^'^t)] > (5„J, 

A„ = inf{t : 3m > n,s <t with |t — s| < 2^™ and \Ut — Us\ > e^}- 

Deterministic estimates using the Loewner equation (see ||5[ Lemma 4.13]) show that for all 
n sufficiently large, A„ < A„. Using fH5l) can see that with probability one A^ t oo and hence 

A„ too- 

Note that for fixed m, ii n > m, 

E[0(.+2-")aa™ - e,;,,,„ I J-,^,„] < / \f:{z)fG'-''{z)dA{z). 
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Therefore, 

e,M„<liminf J] / \fl^_,),.4z)fG'-\z)dA{z). 

Tl — ^OO /ynr 

j<t2" "" 

However 6tAA„ converges monotonically to 6j and hence E[0t — 6iAA„] — > 0. Combining 
with f l44p . we get the result. D 

Lemma 3.10. Suppose Ut is a driving function such that the Loewner equation generates 
a curve. Then for all T < oo, the functions {fs{z) : < s < T} are equicontinuous at 0. 
In other words, for every e > 0, there exists 6 > such that if \z\ < 6 and t G [0,T], then 
|/,(z)-7(t)|<6. 

Proof, ii s < t, define gl by gt = g\° gs and write ht = g^^, h\ = {gl)~^- Note that if s < t, 
then kg = ht o g^ and ht = kg o /i* . 

Since Ut is uniformly continuous on [0,T], there exists increasing v{s) with v{0+) = 
such that \Ut+s — Ut\ < f(s),0 < t < T — s. From the Loewner equation (see [5| Lemma 
4.13]), one can see that there exists a universal c < oo such that for all z, and < t < T — s, 

\gl+%z) -z\<c [v{s) V v^], \hl+'{z) - z\ < c [v{s) V v^]. (46) 

Since the Loewner equation is generated by a curve, we know that for each t, ft{z) can 
be extended continuously to EI with /i(0) = htiJJt) = lit). We claim the following stronger 
fact: for every e > and t G [0,T], there exists 5 = S(t,e) > such that if \z\ < 5 and 
\t — s\ < S, then \fs{z) — 7(t)| < e. To see this, fix t and find r such that \ft{z) — /i(0)| < e/2 
for l^l < r. Using (H6l) . we can find 6 < r/4 so that if |s — 1| < 6, 

\Ut-Us\<r/A 

and 

sup \gl{w) — w\ < r/4: if s < t, 

w 

sup |/ii(w) — w| < t/4 if s > t. 

w 

Then lit — 5 < s <t and \z\ < 5, we have 

\fs{z) - ftm = \hs{z + Us) - ftm = \ht{gi{z + Us)) - ftm = \ft{w) - /,(o)i, 

for some w with \w\ < r. Hence \fs{z) — /t(0)| < e/2. A similar argument proves this 
estimate for t < s < t + 6. Therefore, if \z\ < 6 and |s — 1| < 6, 

\fs{z) - 7(t)| = \fs{z) - ftm < \fs{z) - /.(0)| + |/.(0) - /,(0)| < 6. 

We finish the proof by a standard compactness argument, covering [0,T] by a finite 
number of intervals [t — 6t,t + 6t] and then choosing 6 = mm{6t}. D 
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3.4 Natural parametrization in other domains 

Suppose D is a simply connected domain with distinct boundary points z^w. Then SLE^ 
from ztowinDis defined (up to reparameterization) by 77 (t) = Fcy^t), where 7 is an SLE^ 
in IH from to 00 and F : H — ;■ D is a conformal transformation with F{0) = z, F{oo) = w. 
The conformal transformation is unique only up to an initial dilation, but scaling shows that 
the distribution is independent of the choice. If Qt denotes the natural parametrization for 
the curve 7, we define the natural parametrization Gj in D by the scaling rule 



©*= / |F'(7(s))N©.. (47) 

Jo 

A simple argument shows that the joint distribution of {Fo'-f(t), Gj), modulo time reparam- 
eterization, is independent of the choice of F. 

This definition can also be given more intrinsically. Suppose for ease that D is a bounded 
domain with 

/ GD{C;z,w)dA{C) < cx). (48) 

Jd 

Let ri{t) be an SLE^ path from z to w in D; the choice of parametrization is not important. 
Then the natural length in D is the unique increasing process Gt such that 

GDAC,vit),w)dA{C) + Qt, 

D 

is a martingale. Here D^ represents the component oi D\r]t whose boundary includes r]{t) 
and w. In particular, 1] has the natural parametrization if 

GDAC;v{t),w)dA{0 + t 



D 

is a martingale. If f l48|l does not hold we can define G as we did in the half plane by using 
some type of cut-off. (In this paper, the cut-off was given by using a time- dependent Green's 
function; in |S1 |TT] the cut-off was made by considering the Green's function in a bounded 
domain bounded away from the origin.) 

If 7[0,t] is a curve that lies in both Di and D2, then it is not immediate from our 
definition that the natural length of 74 is independent of whether we consider it in Di or in 
D2. We will establish this in this section. By conformal invariance, it suffices to prove this 
for Di = D = M\V gM = D2 with V bounded and dist(0, V) > which we now assume. 

Let 

F -.m — > D 

be the unique conformal transformation with F{z) — z = o(l) as z ^ 00, and let $ = F^^. 
If 7 is an SLE^ path from to 00 in H, let 

TD = inf{t : 7(t) G V}. 
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Suppose cr is a stopping time with a < td- There are two probabihty measures on 70-, that 
of SLE in D and that of SLE in EI (in both cases we are choosing endpoints and 00). It 
is known that these two probabihty measures, considered as measures on the stopped paths 
7o-, are mutuaUy absolutely continuous. The natural length of 70- can be considered using 
either measure. In the case of SLE in D, one defines the length in EI and then uses F and 
the conformal covariance rule ( H7|) to get the length in D. We will show the two definitions 
are the same. We start by setting up some notation. 

Let ■j(t) be an SLE^ path in EI defined as usual with hcap[7j] = at. Let gt and Ut denote 
the conformal maps and driving function, respectively. We assume t < td, and let 

Dt = gt{D), r7*(t) = $o7(t). 

Let H^ be the unbounded component of H \ r^*, and let gl denote the unique conformal 
transformation of H* onto EI with gl{z) — z = o(l) as 2; — > 00. Let 

Then $j : Z^f — )■ HI is the unique conformal transformation with $^(2;) — 2; — )■ as 2; — t- 00. 
Let a{t) denote the capacity of the curve viewed in D, that is, 

a{t) = heap [$ o 7j] = hcap[r7^*]. 

Then ^ Section 4.6] 

d{t) = a f ^'.{Usfds, 
Jo 

and g* satisfies the Loewner equation 



where U; = gl{r]*{t)) = ^t{Ut). Let 6{t) = dist{Ut,M\ Dt). By Schwarz reflection, $j can 
be extended to a conformal transformation on the open disk of radius 6{t) about Ut. The 
distortion theorem implies that there exists a universal c < cxd such that 

i$;'wi < cs{tr' $;([/,), \z - Ut\ < sit)/2, 

|$r(2)| < c6itr' $;([/,), \z - Ut\ < 5{t)/2, 

|$;(z) - $;(f/0| < c6{t)-^ <^[{Ut) \z - f/,|, \z - Ut\ < 6{t)/2. 

Using the Loewner equation (see O Proposition 4.41]), we see that that there exist c such 



that 



-2....^ .. m ^^^rr , m 



dt<5[{x) < c5{t)-' <!>[{X), Ut-^<X<Ut + 



2 - - 2 

We will not need the full force of these estimates, but we will use the following consequence. 
Let St = mi{5{s) : < s < t}, and 

A(s,t) =max{\Ur - Us\ : s < r <t}. 
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• For every S > 0, there exists e > 0, c < oo such that iiSt>S,0<s<t<s + e and 
A(s, t) < e, then 

l$;(f/,) - $;(f/,)| <c[it-s) + Ais, t)] $;([/,). 

Let a(t) = inf{s : a{s) = at}, and let 7(t) = 7(0"^) denote the path 7 reparameterized so 
that hcap[$ o 7^] = at. We do this only for 

t <fD = inf{s : 7(5) G V}. 

(Note that r^ and f^) are essentially the same stopping time considered in two different 
parameterizations.) For t < f^, let 

r/(t) = $o7(t)=r7*(ai), 

and note that t] is parameterized so that hcap[?7i] = at. Let gt = g*^, Ut = U*^, $4 = $0-^, Ut = 
Ua,,~9t = 9a„ ft{z) = gt\z + Ut), ft{z) = gr\z + Ut), F, = t' o F o /,. Note that 

ftoFt = Foft. 

Since 



at = hcap[r7t] = a ^'siU*)"^ ds, 
Jo 



we see that 

dt(Jt = Kt where Kt = ^[{11^)-^ = F[{Qf . 

Let 0* denote the natural parametrization associated to the curve r] (under the measure 
of SLEi^ from to 00 in H). Recall that 

Q1 = lim V L* (^-^, — I , (49) 

where 

l^\r,s)= l\fXz)fG^-\z)dA{z), 



and the limit is in L^ . Using Proposition 13. 9 [ we can also write 

e:= lim 5^ J*(j,n) 

where 

r{j,n)= f \f'^_,^,X^)\'G'-"iz)dA{z), e„ = {^ G H : |z| < n2-"/2}, /,,„ = /,2-n. 
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The expression on the right-hand side of (1491) is a deterministic function of the curve r/(s), < 
s < t. Using continuity, it follows that 



where 



9^:= / \F'{r]{s))\Ue:= liniGt,™ (50) 

Jo "^°° 

The left-hand side of fl50|) is the natural parametrization of 7 considered as SLE m. D. If Bj 
is the natural parametrization associated to 7, then G)^ = Bo-j is the length of 7 considered 
as an SLE curve in H. Having set up the notation, we can now state the main theorem of 
this section. 

Theorem 3.11. With probability one, for all t < T£,, O^ = O^. 

By absolute continuity, the "with probability one" in the statement can be taken either 
with respect to SLE,^ in EI or SLE,^ in D. Since both B^ and 6j are continuous in t it 
suffices to show that for each t < td, 9j = 9^ with probability one. To do this will we define 
a sequence of stopping times Tm with r^ t "^d and prove that for each m and t 

P{0M.„7^0tA..}=O. (51) 

We let Tfn be the first time t such that one of the following occurs: t > m; 6{t) < l/m; 
^t(f^i) > m; ^t{Ut) < 1/"^; l-^'(^(^))l > "^5 l-^'('7(^)l ^ V"^- It is easy to check from our 
distortion estimates above that r^ t ''"• For the remainder, we fix m and write r = r^. All 
constants, implicit or explicit, may depend on m. Also, we only need consider t < m, since 
ioY t > m, t A T = m A T . 

We will change our reparameterization slightly by setting 

dtat = Kt, kt = KtAr- 

This will have no affect on times t <t which is all that is important for us. The advantage 
of this change is that we can write 

c<kt<C, \Kt-Ks\<u{t-s), 

for a continuous function u with ^(0+) = 0. Since we are considering only t < r, we will 
write Kt rather than Kf. 

In order to prove flSTj) . we consider Lj = Lo-j. This is a supermartingale, and as noted in 
Section 13. ![ we can write 

Qt = lim Qt,n, (52) 
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where 



e 



t.n- 2^ L 
j<t2" 



j-1 J_ 

2" ' 2" 



L(r, s) =E 



f — f \ T 



In this case, the Doob-Meyer theorem only gives a weak-L^ hmit in ( 152|) . but this is all that 
we need. We will show that 



E 



|"tAT,n ~ "tAr,? 



^0. 



(53) 



Since weak limits are unique, this implies that Qt^T = ©Mr- To establish (1531) . we claim that 
it suffices to find for fixed t and r, a uniformly bounded sequence of random variables J„ 
with J„ — )■ with probability one and 

Indeed, since Qt,n — ^ ©i in L^ , the random variables {Qt,n '■ n = 1,2,...} are uniformly 
integrable. Using this and the fact that the J„ are uniformly bounded with Jn — )• 0, we see 
that E[Jn Qt,n] -^ 0. 

If we let Un = m(2~"), Kj^n = -^0-1)2-", then if r > (j — 1)2^", 



L I Crj_i^„, CTj^i^n + 



Kn r, — U 



j,n ""n 



<L 



J - 1 J 



In ' On 



— -^ I ^j-l,»«' ^j-l,n + 



^j,n ~r '^n 



Using Lemma [3.81 we can conclude that 
1 - 1 J 



L 



)n ' On 



-^ CTv-l.n, 0"7-l,n + 



^.. 



[1 + oK)]. 



Using ( l52l) . we see that 



0/ = lim > L [ a~ 

j<t2" ^ 



-l,n 



5 CTj-l.n + 



-f^j.n 



We recall that 



L I CTj-l.n, 0"j_i,,^ 



ir 



],n 



E [ei+,22-n - Oi I Ft] 

1/ ^\\d ryr^2-" ■ 



IfM'Gl'- {z)dA{z), 
with t = (Tj-i^n and r^ = -ft'j^n- Using (127|) . this can also be written as 

r^li,. / \fU,nirj-i,nz)\'Gr{^) dA{z), /,,„ = /,2-., r„„ = ^'^.^O). 



Arguing as in Proposition 13. 9[ we get 



e,= hm J2'U,n [ \fUni^,-l,nZ)\'Griz)dA{, 
n->-oo ^ — ^ /bi 

j<i2" "" 



(54) 
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where as before HI„, = {2; G EI : \z\ < r2 2~"/^}. 

By comparing fl50l) and fl5^ . we see that it suffices to prove the following. For each m, 
there exists a sequence «„ J, 0, such that if t < r^ and r = -F/(0), then for z G EI„, 

r|/;M|-|F'(r^(t))| |/;(^)||<«„r|/;M|. 

The sequence «„ can depend on the path but the estimate must hold uniformly for all t < Tm 
and z G H„. We write this shorthand as 

r\n{rz)\ = \F'{vm\m\[l + o{l)], (55) 

with the above uniformly implied. We claim that 

|F'(/,(^))| = |F'(r/(t))| [1 + 0(1)]. 

Since ri{t) = /t(0), this follows from distortion estimates on F provided that we have uniform 
bounds on \ft{z) — /t(0)|. But these are provided by Lemma [3. 101 Distortion estimates also 
imply 

|F;(z)|=r[l + o(l)], 

rz = Ftiz) [1 + 0(1)], 
\nirz)\ = \miz))\[l + oil)]. 
Therefore, (l55l) becomes 

\m{z))\ \f;{z)\ = iF'iUm \m\ [i + o(i)]. 

But J\oFt = Fo /,, so the chain rule implies that \~n{Ft{z))\ |F/(z)| = \F\ft{z))\ \f[{z)\. 

3.5 A particular case 

If 7 is an SLEf^ curve from to 00 in EI and r > 0, then 

is an SLE^ curve from 7(r) to 00 in Hj.. We would like to say that the natural parametriza- 
tion in Ht is the same as that in H, and we make this precise here. 

Suppose 7(t) has driving function Ut = —Bt- We recall that we can define 6^ by first 
defining it for dyadic rational t by the L^ limit 



Jn) 
n—^ca 



Of = lim e 



and for other t it is defined by continuity. Here we use the fact that the natural parametriza- 
tion is continuous with respect to the capacity parametrization. A key observation, is that 
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given the Brownian motion Bt, there is a well defined natural parametrization Gj for all 
t > 0, up to a single null event. 
If r is a stopping time, let 

7^(t)=7(r + t), v^it)=griYit))-Ur, 
and note that 

Yit) = fMit)). 

The strong Markov property implies that 77^ is an SLE^ curve from to 00 with driving 
function U^ = —BJ where B'^ is the Brownian motion, 

Bl = Bt+T — Bt-. 

Let 6[ denote the corresponding version of the natural parametrization defined as in the 
previous paragraph. Since /r : H — t- Hr is a conformal transformation, we can view 7^ as an 
SLEi^ curve from 7(r) to 00. The natural length of 7''[0,t] considered as a curve in Hr is 

\fM{r))\''dQl. 


Lemma 3.12. Suppose r > 0, and t is a stopping time with r < r. Let 

Z„(s,t) = ^L(r + j2-",r + (j + 1)2-"), 
where the sum is over all j with s < j/2^ < t. Then with probability one for all < s < t, 

lim Zn{s,t) = Qr+t - Qt+s- 

n—KX) 

Proof. By continuity it suffices to prove the result for fixed s < t that are dyadic rationals. 
Apply the same proof as for Theorem 13.41 to the super martingale 

^[ = "^t+r - ^r- 

D 

Proposition 3.13. If t is a stopping time with P{r < 00} = 1, then with probability one, 
for all < s < t, 

e,+,-e,+.= f \fUv^{r))\''dQ;. (56) 

J s 

Proof. Without loss of generality, we may assume r is a bounded stopping time (otherwise, 
apply the proposition to t A k and let k — )■ cxd). We note that for each s, the natural 
parametrization after time s is supported on the curves in Hg. Since both sides of (156!) are 
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continuous in t with probability one, it suffices to show that for positive dyadic rationals 
s < t such that 7[s, t] C Hr 



t 

d 



e,+,-e,+.= / \fM{r))\UQi. 



Let tj^n = T + j2 ". By the lemma and 13.91 

e,+. - 0,+. = hm Yl I \ft,Sz)\''G'-\z)dA{z). 

In Proposition 13.91 we have a L} limit, but we can assume it is an almost sure limit by 
taking a subsequence if necessary (for notational ease, we will assume it is an almost sure 
limit, but the remainder of this proof could be done along a subsequence if necessary). Take 
5n in the definition of EI„ such that diam(E[„) — )■ as n — > oo. 

Define /j,„ by ^ „ = /r ° fj,n- Then by Proposition ESI 

^1= li^ E / \I-M\''G''\z)dA{z). (57) 

By continuity of natural length, we can write the right-hand side of (l56l) as 
lim E / \fM{hn-r))\'\~f,,rM''G'-\z)dA{z). 



71— >00 

Hence, the difference of the two sides of fl56l) is 



lim E / \\fri^^ihn-r)r-\fUfam']\f'a^rG'-"{z)dA{z). (58) 



By (1571) . we see that this is bounded above by 

[0[-ei]limsupir„(7), 

where 

KM = ^^^{\\fUv^ihn-r)r-\fUhn{m'\}- 

Hence it suffices to show that Kn{'y) — )■ with probability one. 

Note that because it is an almost sure expression we can show it goes to zero for a given 
curve 7 so our constants may depend on it. We have /j-,n(0) = ifitj^n — t) so because z G ]HI„ 
and diam(EI„) — )■ this is equivalent to the fact that /^ is continuous in a neighborhood of 
ri'^[s,t]. Using the assumption 7[s,t] C Hr, we see that ri'^[s,t] C {Im(2) > e} for some e > 
which depends on 7. Continuity of /^ on Im(z) > e is a consequence of Cauchy integral 
formula and we are done. 

D 
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4 Bounds on the two-point Green's function 

4.1 Lower bound for the time-dependent Green's function 

In this section we prove Lemma 12.121 This is a generahzation of a result in [1 Ij where it is 
shown that there exists c < oo such that for all z,w &M., 

G{z) G{w) < c \g{z, w) + G{w, z) 

Examination of that proof shows that the same argument establishes the existence of c < oo 
such that for |z|, \w\ < 1, 

G{z) G{w) < c [g"''(z, w) + G'^'^w, z)] . (59) 

We will assume (159|) . 

We write z = x^ + iyz,w = x^, + iyw We assume 

yl<'2as, yl<2at, (60) 

for otherwise the left-hand side of (I3T]) is 0. All constants in this proof are independent of 
z, w, s, t, but may depend on a. We will first handle the case when t <^y1 oi s <^ y^. 

• Claim 1: There exist e > 0, c < oo such that 

G'{z) G\w) < cG"=*''=^(w, z) if t < eyl, 

and 

G'{z) G\w) < cG^'^^Xz, w) if s < eyl. 

By scaling, we may assume that 1 = \z\ < \w\. We will prove the first inequality 
which is the harder of the two; the second can be proved similarly. We will assume that 
t < yl/i200a); we will later choose e < l/(200a). Using (^ we see that t < s/100, and 
yz < i implies that t < l/(200a) < 1/50. Using fl60l) again, we see that y^j < 1/10, and 
hence \w\ x |x^| > v^99/10. Let T = Ty, and 7 = 7[0,T]. By Corollary 12. 9 [ there exists 
Ci < 00 such that 

P;{diam(7) <ci\w\\T < 2t} > -. 

Let 

E = {diam(7) < ci |w|,T < 2t}, 

and note that P^(-E') > P^jT" < 2t}/2. On the event E, we can use the Loewner equation 
dl]) and conformal invariance arguments to estimate Zr{z) and gr{z) for < r < T. We list 
the estimates here omitting the straightforward proofs. First, there exists C2 < 00 such that 

\Ur\<C2\w\, 0<r<T. 
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Also, 

\Zr{z)\>Yr{z)>y^, 0<r<T, 

\dr9riz)\<T^^<—, 0<r<T, 

\Zr{z)\ Vz 

Aat ijz 1 

\qT\z) — z\ < < — < — , 

'^^ ^ y. ~ 50 - 50' 

51 

\Zt{z)\ < \gTiz)\ + \UTiz)\ < — + ci|w| < C2|u;| 

1 , 1 / / X 1 1 oat 1 
|log|j^WII<^<^. 

If St{z) = sinargZr(z), then 



Using Lemma 12.71 we can find c^ , /3i such that 

\g'T{z)\'-' G\Zt{z)) > c,e-^^\-\'/^G{z). 

Therefore, we get 

G^''^\z,w) > CGe-^'\'"\'^'G%z)G^\w). 

Using the last inequality in Lemma 12.71 we can see that there exists 6 such that 

G^''^\z,w) >cjG%z)G^\w). 
If we let t = 6t, then we can rewrite this as 

G^''^^/^^'>cjG%z)G\w), 

which is now valid if t < 6 y'^ / {200a) . This establishes the claim with e = 5/ (200a). 

For the remainder of the proof we fix < eo < l/2a such that Claim 1 holds, and we 
assume that t > eoyl.s > eoy^, and hence 

2 2 

s>^, t>|^, sAt>eo{yzyy^f (61) 
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• Claim 2. There exist I, p > sucli tliat ttie following holds. Suppose z = x + iy with 
|2;| < 1 and y'^/a < s. Let V denote the event 

V = V,,i = HO,T,]c{z':\z'\<l}}. 

Then 

P:(V^ \T,<s)>p. (62) 

This was proved in Corollary 12.91 We fix / > 8 and p > such that ( l62l) holds. 

• Claim 3. There exist ci,/3i < oo such that if \w\ > 2l\z\, then 

G'{z) G\w) < ciG^"'^^'\z,w). 

By scaling we may assume \z\ = 1. Let 

r 2t 1 

u = min < 4s, , 8 > , 

I aeo J 

and note that y'^ < an/2. Let T = T^, 7 = 7[0, T] and let V be as above. Then 

Fl{V \T<u)>p. 

On the event V , since T < 8, 

^ d {x + iy -.Q <y < a/Io, -/ < x < /}. 

Standard conformal mapping estimates imply that 

\Xt{w)\ X \xyj\, Yt{w) X y^, \g'T{w)\ x 1. 

So if u G {4s, 8} because we get C^i^z) > cG^{z) the argument proceeds in the same way 
(actually, somewhat more easily) as Claim 1. 

If M = — then if we have (3i then we can find (32 such that 

cG^i^'^^\z,w) > cG^''''^^^\z,w) > cG{z)El[M^^\w) \ T < P2t,V]F[T < /^at] 

Then again we have same estimates on [^^(u;)!, Yriw) and \g'j'{w)\ as above, so by lemma 
I2.7l the last term is bigger than cG{z)G^^'^^{w)e ^ for some 6 > fixed. Again using Lemma 
12. 71 we need to show existance of (32 such that —j^ — 'B~ — ~ T "^^ich we can do by |u7| > 2/ 
so we are done. 
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• Claim 4. There exists c < oo sucli tliat if \z\, \w\ < Al and t> [yzM y^)^/(2a), then 

G{z)G{w) <ce^l'G^'^^\z,w). 

It suffices to prove the result for t sufficiently small for otherwise we can use ( l59l) . For 
the moment we assume t < l/(100a). Using Claim 3, we see that it suffices to prove the 
estimate for 2; = 1 + iyz,w = x^ + ii/w with yz,yw < 1/10 and 1 < |x^| < 41. In this case, 
Giz)^yt^-\G{w)^yt^-\ Let 

a = mi{t : Re[7(t)] = 1 - Vi}, 

and let E be the event 

E = Et = {a<t, 7, C {Re[^'] > -1/2}} . 

Arguing as in Lemma 12 .Tt we can see that 

P{a < t, Re[7(s)] > -1/2 for < s < t} > ci e~^'^^. (63) 

Since heap [70-] = aa, we see that on the event E, 

-fa C V := {x + iy : -1/2 <x<l-Vi,0<y< V2ai}. 

By the strong Markov property, for every s > 0, 

G^^'^^^\z,w) >E[\gUz)r''\g'aMr''G'^'{Za{z),Za{w))lE] . 

We now list some deterministic estimates that hold on the event E. The constants < ci < 
C2 < 00 can be chosen uniformly over every curve 7 with ja C V and Re[7(cr)] = 1 — \/t. 
We follow the statement of each estimate with a brief justification. We write g = g^- 

• Ciyz < ^o-(-2) < yz, Ciy^ < Ya{w) < y^- The argument is the same for z and w. By 
conformal invariance and the fact that g{z') ^ z' as z' ^ 00, 

Ya{z) = lim R¥'{lm[B^] = R}, 

H— )-oo 

where i? is a complex Brownian motion and r = r^,^ is the ffist time r that B^. G 
]RU7o-U{Im(t/;') = R}. The probability that a Brownian motion starting a.t z = l + iy^ 
reaches {Im(w') = 2\/ai} before time r is bounded below by cyz/y/i and given this the 
probability that Im(i?T-) = R is greater than c\/t/R. 

• ci < \g'{z)\,\g'{w)\ < C2. 

It follows from the previous estimate that Ci < g'{l),g'{xw) < 1- We can then use the 
Schwarz reflection and distortion theorem. 
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For the lower bound consider g (extended by Schwarz reflection) on the disk of radius 
V^ about z. The image of this disk contains a disk of radius \g\z)\\ftl^. Therefore, 
\Zaiz)\ > \g'{z)\y/i/4: > c\ft. For the upper bound consider ^ = 1 + i^. Using 
conformal invariance, it is easy to see that 5'o-(C) > c and hence |^(t(C)I ^ ^o-(C) ^ V^- 
Since \g'\ is uniformly bounded on the line segment [1, l+i\/t], we get the upper bound. 

• G[ZXz)) > ci G{z), G{Z^{w)) > ci G{w). 

This is immediate from the estimates we have already established. 

Since |5'^(-2)| x Is'alw^)! ^ 1, (l63|) implies for all (3 > 0, 

G(('+mP+^)\z,w) > cE[G('''('\Z,{z),Z^{w))lv] 

> ce-^'/'E[G^''^\Z^{z),Z^{w)) \ V] . 

We now consider two cases. First, if |Zo.(if)| > 2l\Z^{z)\, then Claim 3 gives the existence 
of c, /3 such that 

GiZtiz))GiZtiw)) < cG^'^^\Ztiz),Ztiw)). 

If |Zo-(iy)| < 2l\Z„{z)\, then distortion estimates imply that |Zo-(w)| x y/t. Scaling gives 

G^'^^\Z,{z),Z,{w))=t'-''G^'^{Z,{z)/Vi,Z,{w)/Vi). 

If we choose (3 sufficiently large, 

G^'''{Z,{z)/Vi,Ztiw)/Vi) > cG{Zt{z)/Vt)GiZt{w)/Vt) 

> ct'^-^G{z)G{w). 

Hence, we can find c, /3 such that 

G^'^^\z,w) > ce-^'^'G{z)G{w). 

Claim 5 finishes the proof of the lemma. 

• Claim 5. There exists c < oo such that if \z\, \w\ < 41, and s,t satisfy (|6T1) . then 

G'iz)G\w)<cG''''\z,w). 

By symmetry we may assume t < s. By ( 16T]) . we can find r such that rt > [yzMywY /{'^o)- 
From Claim 4 we can find (different) c, (3 such that 

G{z)G{w) <ce^/*G^*'^*(z,w). 

We also know that there exist c, /32 such that G^{w) < ce~^^^^ G{w). By choosing c even 
larger in the last displayed formula, we can guarantee that 

G{z)G{w) <ce(^^/'G^''^\z,w). 

Therefore, 

G'{z)G\w) < G{z)G\w) < ce-^^/'G{z)G{w) < cG^''''\z,w) < cG^''^\z,w). 
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4.2 Proof of Theorem [2311 

In [H] it is shown that there exists c < oo such that for all z,w &M., 

G{z)G{w) <cG{z,w). 

In [To], a bound in the other direction was given: if \w\ = 1 and 1^; — tt;| < 1/2, then 

G{z,w) <c\z-w\'^-^. 

However, these papers did not give precise estimates in the case where S{z), S{w) are small. 
Our proof will use the ideas in pLO]. Throughout this section, 7 will denote an SLE^^ curve 
and 

7i = 7(0, t], At{z) = dist(2:, 7i), A{z) = A^{z). 

We write x to indicate that quantities are bounded by constants where the constants depend 
only on k. We recall that in p^ it is shown that for each z, w, there exist e^, Sw such that if 
e < 6^,5 < 5^, 

F{A{z) < e} X Giz) e^-\ ^{A{w) < 5} x G{w) 5^~'^, (64) 

F{A{z) < e, A{w) < (5} X G{z, w) t^"^ 5^-'^. (65) 

When estimating P{A(z) < e} there are two regimes. The interior or bulk regime, where 
e < \t[v{z) can be estimated using Proposition 12.21 since in this case A{z) x T{z). However 
for the boundary regime e > Im(2;), one needs a different result. 

Lemma 4.1. There exists < ci < C2 < 00 such that if < y < 1/4 and a = inf{t : 
|7(t) - 1| < 2y}, then 

ciy^"-^ < ¥{a < 00, S^{1 + iy) > 1/10} < F{a < 00} < C2y^"~^ 

Proof. The bound P{cr < 00} x y^"~^ can be found in a number of places. A proof which 
includes a proof of the first inequality can be found in [Tl]. The first inequality is Lemma 
2.10 of that paper. D 



We will prove Theorem 12.111 in a sequence of propositions. We assume \z\ < \w\ and let 

q = \w-z\, f3 = Ua-l)-(2-d) =Aa+ 2 > 0. 

4a 

It will be useful to define a quantity that allows us to consider the boundary and interior 
cases simultaneously. Let 

<^t{z) = AtizY'^-' if At{z)>lm{z), 

2-d 



^t{z) = lm{z) 



4a-l 



Im(z) 
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if At{z)<lm{z), 



and let $(z) = $oo(-2). Note that ^q{z) = |2;|^" ^, and scaling implies that the distribution 
of ^{rz) is the same as that of r^"~^$(2;). Since 4a — 1 > 2 — (i, we see that 

Mz)^'^-' < <l>t{z). 

The next lemma combines the interior and boundary estimates into one estimate. 

Lemma 4.2. There exist < ci < C2 < oo such that for all z eM and < e < 1, 

cie< P{$(^) < e$o(^)} < C2e. (66) 

Proof. Let z = x+iy. By scaling we may assume that \z\ = 1 and hence $o(^) = Ij S{z) = y. 
Let A = Aoo{z), $ = $oo(-2)- Proposition 12.21 and Lemma [4.11 imply that 

P{A < e} X e^'^-i, e>y, 

P{A < e} X y^"-i [e/i/]2-^ e < y. 

If e > y, then 

lie<y, then if m = (4a - l)/(2 - (i), 

P{$ < e^-i} = P{^ (A/y)^ < e} = P{A < y (e/y)"} x y^'^-i [(e/y)"]^-'^ = 6^'^"^ 

D 

The next proposition establishes an upper bound for the probability that an SLE path 
gets close to a point and subsequently returns to a given crosscut. It is a generalization of 
Lemmas 4.10 and 4.11 of |T0], and we use ideas from those proofs. Suppose r/ : (0, 1) — )■ EI is a 
simple curve with ?7(0+) = 0, r]{l—) > and write rj = rj{0, 1). Let Vi, V2 denote respectively 
the bounded and unbounded components of HI \ 77 and assume that z = Xz + iyz € Vi,w = 
Xw + iyw £ V2. Given the SLE curve 7, one can show (see [101 Appendix A]) that there is a 
collection of open subarcs {It : t < T^ A T^} of rj with the following properties. Recall that 
Hf is the unbounded component of EI \ 7^. 

• Io = V- 

• It G Ht- Moreover, Ht \ It has two connected components, one containing z and the 
other containing w. 

• If s < t, then It C Is- Moreover, if 7(3, t]n Ig = 0, then It = Ig- 
If C G {z, w}, define stopping times 0-^, a, r depending on ( by 

ak = inf {t : $^(0 = 2'' <l>o(C)}, a = ai, 

T = inf{t > a : 7(t) G T^}- 
If r < 00, let 

J MO 
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Proposition 4.3. There exists c < oo such that under the setup above if < e < 1/2 and 

a = 2a — ^ > 0, 

¥{t <oo,J <e} <ce, if C = z, 

diam(r7) 



< oo, J < e} < ce 



\w\ 



ifC = w. 



Proof. The first inequality follows immediately from (1^^ . as does the second if |w| < 
4diam(r7). Therefore, using scaling, we may assume that diam(?7) = 1, |w| > 4, ^ = ly. 
Let C denote the half-circle of radius \/\w\ in H centered at the origin. Let fco be the largest 
integer such that 2~^° > S{w) = Iin{w)/\w\. Let p be the first time t that w is not in the 
unbounded component of Ht \ C. Note that if p < T^, then 7(p) G C. Let 

J _ ^pH 



Then, if fc is a positive integer and o" = cr^, 

k 

P{r < oo, J < 2"^} < P{6- < p A r, r < oo} + ^ P{p < <T < oo, 2--?' < J < 2-^+^}. 

i=i 

We will now show that 

F{a < pAT,T <oo} <c2-''\w\-". (67) 

Let H = Ha, I = Ia, 9 = 9a, U = Ua. By (IMD, 

F{a < p A r} < P{a < oo} < c2"^ 

Let iif* be the component oi H \C containing w. On the event a < p, H* is unbounded. 
Using simple connectedness of H, we can see that there is a subarc / G OH* fl C that is a 
crosscut of H and that separates w from I in if. Since / does not separate w from oo, (?(/) is 
a crosscut of H that does not separate U from oo; for ease let us assume that its endpoints 
are on (— oo, U]. Since I separates w from /, / also separates I from infinity in H. Therefore 
9{l) separates (?(/) from U and infinity in H. We use excursion measure (see [10] 4.1] for 
definitions and similar estimates) to estimate the probability that 7 [6", 00) returns to I. The 
excursion measure between g{I) and \U, 00) in H \ g{I) is bounded above by the excursion 
measure between g{I) and 9{l) in EI\ ((?(/) VJ 9{l)) which by conformal invariance equals the 
excursion measure between / and I in H \{I U I). This in turn is bounded above by the 
excursion measure between C and 9D in{(^GlH[:l<|(^|< a/IwI} which is 0{1/ \J\w\). 
Given this, we can use the estimate from Lemma 14.11 to see that the probability that an 
SLEk path from f/ to 00 in EI hits 9(1) is 0{\w\~^*"'~^^^'^). Using conformal invariance, we 
conclude that 

P{r < 00 I <T < p A r} < c |w;|(^-^")/2 
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which gives ([6] 

We noted above that if j < ko, then 



< a < 00} = 0. 

We will now show that if j > ko, 

P{p < a < 00, 2^^' <J< 2-^+1} < c2-'=2-^" |u7|-°. (68) 

The proposition then follows by summing over j. Consider the event 

Ej = {p < 00, 2~^ <J< 2-^+1}. 

Using (!66|) . we see that 

¥{Ej) < c2-^ (69) 

Let H = Hp. On the event Ej, there is a subarc I oi H Ci C that is a crosscut of H with 
one endpoint equal to 7(p) such that / disconnects w from infinity in H. Using this and the 
relationship between 5* and harmonic measure we see that Sp{w) is bounded above by the 
probability that a Brownian motion starting at w reaches C without leaving H. Using the 
Beurling estimate, we see that the probability that it reaches distance \w\/2 from w without 
leaving H is 0(2"-^/^). Given this, the probability that is reaches C without leaving H is 
bounded above by 0(1/|a/M). Therefore, on the event Ej, 



Using the strong Markov property and ( l66|) . we see that 

¥{a <oo\ Ej} < €2-^" \w\-'' 2-'^''-^\ 
which combined with ( l69l) gives ( !68ll . 
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In this section, we will consider two-point correlations. The next proposition, which is 
the hardest to prove, shows that if z, w are separated, then the events are independent up 
to a multiplicative constant. 

Proposition 4.4. There exists c < 00 such that if \z\ < 4|w|, and < ez,ey^ < 1, then 

Fi^z) < e, %{z), ^w) < e^ %{w)} < ce, e^. 

Proof. By scaling, we may assume that |z| < 1/2, |t/;| = 2. As before we consider a decreasing 
collection of arcs {It : t < T^ A T^} with the following properties. 

. /o = {CgH:|C| = 1}. 

• For each t, It is a crosscut of Ht that separates z from w in Ht. 
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• If t > s, then It C h- Moreover, if 7(3, t] fl /^ = 0, then It = Is- 

We define a sequence of stopping times as follows. 

(To =0, 

To = inf{t : |7(t)| = 1} = inf{t : 7(t) G Q. 
Recursively, if r^ < 00, 

r 1 1 

(Tfe+i = inf a > Tfc : $t(w) = - $^,(w) or $^(2;) = - (^^^{z] 

and if Ufc+i < 00, 

Tfc+i = inf{t > o-fc+i : 7(t) G /^fc+i}- 

If one of the stopping times takes on the value infinity, then all the subsequent ones are set 
equal to infinity. If ak+i < cxo, we set Rk = z ii $crfe+i(^) = ^Tk{z)/2. Note that in this case. 



^a,+,iz) <qAr^{z) where g = 2 4-1 < 1, 

and $t(u7) > $rfc('u^)/2 for all t < r^+i. Likewise, we set Rk = w ii ^ak+i{ui) = ^r^i'^)/'^- 
It follows immediately from f l66|) . that for r < 1/2, 

F{$.o(^)<r<l>o(^)}<cr, 

and for r sufficiently small 

P{<^roH <r<l>oH} = 0. 

The key estimate, which we now establish, is the following. 

• There exists c, a such that if rfc < 00, < r < 1/2 and C = a^ + % G {-z, w}, then 

P{rfc+i < 00, i?, = C,$r.+.(C) < r<l>.,(C) I 7.J < cr$,,(Cr- (70) 



Let H 



HrkJ = Irk , 9 



gr, - f/.„/ = ^(/),C = ^(0, A = A.,(C),$ = $.,(0, A = |(?'(C)|. 



Recall that A^^^^ < $. If ^^(C) = r^ then |C - 7(t)| = 6* A where 



yAA 

A 



Vr 



1 

4a-l 



rA 
yAA 



Al 



1 

2-d 



Note that if r < 1/2 then d < T^^^ < 1. 

Let V denote the closed disk of radius 2~4a-i A about C, Z/* = 2/ V (6'A/2) and C* = 
X + y^:i G V. Note that (7 is a conformal transformation defined on the open disk of radius 
A about ( {if y < A, then we extend g by Schwarz refiection). Hence by the distortion 
theorem, there exist < Ci < C2 < 00 such that if ^1 G V, 

ci A < |^'(Ci)| < C2A, 
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ciA|Ci-Cl<l^(Ci)-Cl<c2A|Ci-C|. 
In particular, 

ci A y < Im^ < C2 A y. 

Note that J is a crosscut of EI with one endpoint equal to zero. We consider separately 
the cases where ( is in the bounded or unbounded component of EI \ J. 

Let El denote the event that ( is in the bounded component. We claim that there exists 
c < oo, such that for all (' = g{C) ^ ^(^)) 

^(C0 = ^<cAV2 (71) 

To see this, assume for ease that Re[C'] > and let B = arg ('. Then Im(('')/|(^'| = sin < O 
and G/tt is the probability that a Brownian motion starting at (' hits (— oo, 0] before leaving 
EI. This is bounded above by the probability that a Brownian motion starting at (' hits / 
before leaving H. By conformal invariance, this last probability is the same as the probability 
that a Brownian motion starting at (' hits / before leaving H. The Beurling estimate implies 
that this is bounded above by cA^^"^. This gives ( 17T]) . Therefore, there exists c such that if 
|(-7(t)| =M, then 

$(^(7(t))) <cA(^"-i)/2^|7(t)| <cy$r|7(t)|. 

Using fl66|) . we see that 

P{$(C) < r$.,(C),^i I 7rJ <cV^r. 

We now suppose that ( is in the unbounded component. By the same argument, for 
every (' := g{C') G g{V), the probability that a Brownian motion starting at C := ^(C') hits 
/ before leaving EI is bounded above by cA^'^. We will split into two subcases. We first 
assume that 

lm(C')< A^/^IC'I, C'ev. 

In this case, we an argue as in the previous paragraph to see that the probability SLE,^ in EI 
hits g{V) is bounded above by c^^^^r. For the other case we assume that Im(('') > A^^^ \(^'\ 
for some (' G g{V). Using the Poisson kernel in EI, we can see that the probability that a 
Brownian motion starting at (' hits I before leaving EI is bounded below by a constant times 

diam(/) 

Ai/4|(/|' 

From this we conclude that 

diam(/) <cAi/^|C'|. 

We appeal to Proposition 14. 3l to say that the probability that SLE^ in EI hits g{V) and then 
returns to / is bounded above by a constant times 

r[diam/7|C'|](4"-i)/2<cr$i/8. 
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Given fl70|) . the remainder of the proof proceeds in the same way as [TO", Section 4.4] so 
we omit this. 

D 

Proposition 4.5. There exist < ci < C2 < oo such that if \z\ < 1^1/4, 

ci G{z) G{w) < G{z, w) < C2 G{z) G{w). 

Proof. The bound G{z, w) > cG{z) G{w) was proved in [11] so we need only show the other 
inequahty. Proposition 14.41 imphes that for e sufficiently small 

F{A{z) < e,A{w) < e} < cF{A{z) < e}P{AH < e}. 

Hence ([MD and ([65]) imply that G{z, w) < cG{z) G{w). D 

The next estimate will be important even though it is not a very sharp bound for large 

\z\, \w\. 

Proposition 4.6. For every e > 0, there exists c < oo such that if\z\, \w\ > e and \z—w\ > e, 
then 

Giz,w) < clmizY"-' ImiwY^-^ 

Proof. By scaling it suffices to prove the result when e = 1. This can be done as the proof 
of the previous proposition, so we omit the details. The key step is to choose an appropriate 
splitting curve /q. We can choose Iq either to be a half-circle with endpoints on M or a 
vertical line. We choose Iq so that Iq separates z and w and dist(z, Iq), dist(i(;, Iq) > 1/4. D 

We will now prove Theorem 12.111 By scaling, we may assume that |u7| = 1 and hence 
q = \w — z\. If g > 1/10, the conclusion is 

G{z,w) -G{z)G{w). 

The bound G{z,w) > cG{z)G{w) was done in [11]. The other inequality can be deduced 
from Propositions 14.51 and 14. 6[ respectively, for \z\ < 1/4 and \z\ > 1/4. Here we use the 
fact that G{z) > lm{z)^''-^ for \z\ < 1. 

For the remainder of the proof we assume q < 1/10, and hence 9/10 < \z\ < 1. Let 

z = Xz + iyz, w = Xu, + iyy,, and ( = x^, + i{yy, V q). Note that G{w) x ?/^''"\ G{z) x y^"'^. 
Let a = inf{t : |7(t) — w\ = 2g}, and on the event {a < oo}, let h = X[ga — Ua] where the 
constant A is chosen so that Im[/;,(C)] = 1. We write 

^(C) = C = ^C + ^' Kz) = z = x^ + iy^, h{w) = w = Xu, + iyw 
Then 

G{z,w) = E[\gM\'''\g'^{w)\'-'G{Z^iz),Z^{w));a<oo] 

= E[\gUz)r'\9U^)r'X'^'-''^GiXZ^iz),XZ^iw)y,a<oo] 
= E[\h'{z)\^-''\h'{w)\^~''G{z,w);a<oo]. 
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The Koebe (l/4)-theorein implies that |/i'(C)| x 5' ^- Distortion estimates (using Schwarz 
reflection if y^ < 2q) imply that 

\h'{z)\^\h'iw)\^\h'iC)\><q-\ 

\z — w\ ^ 1, 
\z\, \w\ > c, 

yz>^iyz^q)q~^, Vw >^ ivw ^ q) q'^ ■ 
These estimates hold regardless of the value of S{(). If we also know that S{Q > 1/10, then 

ICI X \z\ X 1^1 X 1. 



Hence, by Proposition 14.61 we see that 



G{z, w) > c' 
Lemma [4.11 implies that 





'{yzf\q){ywf\q)' 


'iVzAq) 


[vw^q]' 


f J 
4a-l 


q 


2 


5 



4a- 1 



if^(C)>i/io. 



[a < oo} X P{a < oo, S{C) > 1/10} x <j itl (^/^-)''' 

q ) 



Therefore, 



G(^,«;)xyt'^-i(g/yj2-.g2(d-2) 



iVz A q) q 



4a- 1 



, yw>q 

Vw < q- 



> 



G{z,w)-q'''-'q 



4a-l „2(d-2) 



{Vz A q) Vn 
q2 



4a-l 



, Vw ^ g, 



< 



, Vw^q 



If 9 < Z/to < 2g we can use either expression. If y^ < 2g, then Hw /\ q ^ VwiVz A q 
Hz, S{w) V g X g and we can write 

G{ZM X g^C'^-^) ^l-4a^4a-1^4a-l ^ ^.-2 ^g^^^ ^ q]'^ G{z) G{w). 

If Vw > 2g, then i/z x y^, y^ A g x g, 5'(t(;) V g x y^, and we can write 

G{z, w) X yt^-' q'~' yt^ = q''' y-^ y^(4a-i) ^ ^.-2 ^^^^^ ^ ^j-, ^(^) ^(^)_ 
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5 Proof of Theorem 12.3 



By scaling and translation invariance, we may assume that z = and dist{z,dD) = 1. We 
first consider the case D = 11), wi = 1, and W2 = w = e^^*. Note that 

Go{0; 1, e^'') = ^d(0; 1, e^'T~' = sm"^"' d. 

Let 3t = e~* D. Let 7 be a chordal SLE^ path from to w = e^*^ in D and 

q{t,e) = [sin e]i-^"P{dist(0,7) < e"*} . 

We will use the radial parametrization normalized so that at time t, \g[{0)\ = e*. Here gt 
denotes the conformal transformation of (the connected component containing the origin) of 
D\7t with gt{0) = 0,gt{'y(t)) = 1. We define 9t by gt{w) = e^^*\ Under this parametrization, 
the local martingale is 

This parameterization ends at the time T which is the first time that w is disconnected 
from by the curve jt] ii d < 4, then T is the time at which 7(T) = w. Note that 
dist(0,7) = dist(0,7T). 

We will also consider two-sided radial SLE which is the measure obtained by tilting 
by the local martingale Mf. We recall some facts (see |10l Lemmas 2.8 and 2.9]). The 
invariant probability density is f{0) = c sin^"^. Moreover, there exists a > such that if 
ft{0') = ftfi{d') denotes the density at time t, then for t > 1, 

f0) = f{e')[l + O{e-'^% (72) 

where the error term is bounded uniformly over the starting angle 9. Here a > is a constant 
that could be determined, but we will not need its exact value. Let 



qit)= / q{t,e)f{e)de. 

Jo 
Proposition 5.1. There exists c < 00 such that for all 9 and all t > l,s > 2, 

q{s + ce-') [1 - ce""*] < e''^^"^^ q{t + 3,6) < q{s - ce~') [1 + ce 

In particular, 

q{s + ce-') [1 - ce""*] < e*^^"'^) q{t + s) < q{s - ce'') [1 + ce 



at! 



-at] 



Proof. The Koebe (l/4)-theorem implies that the domain of gt includes Dt+iog4. Using the 
distortion theorem, we see that if 2; G Bit+2, then 

Mz)\=e'\z\[l + Oie'\z\)]. 
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In particular, if |z| = e (''+*), then 

\gt{z)\ = e~' [1 + 0(e~^)] = exp {-s + 0(e~^)} . 
Therefore, there exists ci such that on the event {T > t}, 

D,+e,e- C gt{^s+t) C D,_,,e— (73) 

Let ^ = is+t = inf{r : |7(r)| = e-(*+^)}. Let 

Since s > 2, the Koebe (l/4)-theoreni imphes that Y{t, s) = if T < t. The domain Markov 
property imphes that 

q(t + s,e) = [sin 9]'-^" E [Y{t, s)] = [sin 9]'-^" E [F (t, s) ; T > t] , 

where here and below E denotes expectation with respect to chordal SLE,^ from to w. If 
St = sin6'i, we know that 

Mt = e(2-'')* Sf"-^ 

is a local martingale with F{Mt = 0} = 1. Therefore, 

E [Y{t, s);T>t] = e('^-2)* E [Y{t, s) Mt Sl'^^; T > t] 

Here E* denotes the measure obtained by tilting by M which is the same as the two-sided 
radial measure. Again the initial 9 is implicit in the notation. Hence, 

q{t + s,9) = e(^-')* E* [F (t, s) 5^^"] . 

By the strong Markov property, Y(t, s) is the probability that a chordal SLE from to e^*^* 
enters gt(JD)t+s)- Using ( 1731) . we see that for s > 2, 

q{s + c,e-% 9t) < Sl~'^ Y{t, s) < q{s - c,e-% 9t). 

From fl72l) we see that 

E* [F(t, s) Sl-^''] < qis - cse-^) [1 + 0(6"°*)], 

E* [Y{t, s) Sl-^""] > q{s + cae"^) [1 - 0(e-°*)]. 
This completes the proof. D 

The next proposition finishes the proof of Theorem 12.31 in the case Z) = D with u = a/2. 
Proposition 5.2. There exist c, c such that for all 9 and all t >2, 
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Proof. By choosing t' = t ±c'e ^ for large c' in the last proposition, we see that 

q{t + s,e) = e*^'^-^) q{s) [1 + 0(e~"*) + 0{e")]. 
If L{t) = log[e*'^^~'^^ q{s)]i then this implies that 

\L{t + s) - L{t)\ <c[e"' + e""*]. 
If t > 2 and s > 0, we have 

\L{t + s)- L{t)\ = \L{t + s)- L{t/2) + L{t/2) - L{t)\ < ce-*"/^ 

This implies that limt^oo L{t) = L^o G (— C)0, oo) exists and 

L(t) = Loo + 0(e-*°/2). 

This gives the result with c = e^°^ . D 

To finish the proof of Theorem 12.31 for general D with z = 0, dist{z,dD) = 1, let 
F : D — ^ D be a conformal transformation with F{0) = 0,F{1) = Wi,F(e^^*) = W2. The 6 
depends on D,wi,W2, but conformal invariance implies that 

Sd{0;wi,W2) = sin6', 

and hence 

The distortion theorem implies that there exists c < oo such that 

[Ae - ce^] 3 C F-\eB) < [Xe + ce^] 3, A = -^ G [1/4, 1]. 

Therefore, by conformal invariance, 

P{dist(7, 0) < e} = c [sin 9]^"-^ (Xef-'^ [1 + 0(e")] 
= cG^(0;wi,W2)e'-"[l + O(e")]. 
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